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1 Introduction
Due to the principle of relativity, the notion of kinematical or space-time symmetry alge-
bras, which contain all symmetries that relate dierent inertial frames, is a crucial ingre-
dient in the construction of physical theories. Bacry and Levy-Leblond have classied all
possibilities for kinematical algebras [1], consisting of space-time translations, spatial rota-
tions and boosts, under some reasonable assumptions. Apart from the relativistic Poincare
and (A)dS algebras, this classication also contains the Galilei and Carroll algebras (and
generalizations thereof that include a cosmological constant), that appear as kinematical
algebras in the non-relativistic (c ! 1) and ultra-relativistic (c ! 0) limit. Even though
fundamental theories are relativistic, the Galilei and Carroll algebras continue to play an
important role in current explorations of string theory and holography.
For instance, non-relativistic symmetries underlie Newton-Cartan geometry, a dieren-
tial geometric framework for non-relativistic space-times that has found recent applications
in holography [2{10], Horava-Lifshitz gravity [11{13] and in the construction of eective
eld theories for strongly interacting condensed matter systems [14{21].
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On the other hand, ultra-relativistic Carroll symmetries have recently been studied in
relation to their connection [22] with the Bondi-Metzner-Sachs (BMS) algebra of asymp-
totic symmetries of at space-time [23, 24]. As such, Carroll symmetries play a role in
attempts to construct holographic dualities in asymptotically at space-times [25{33], as
symmetries of the S-matrix in gravitational scattering [34] and in the recent notion of `soft
hair' on black hole horizons [35, 36].1
The kinematical algebras that have been classied by Bacry and Levy-Leblond pertain
to theories that contain bosonic elds with spins up to 2. One can also consider theories
in which massless higher spin elds are coupled to gravity [42]. These so-called `higher
spin gauge theories' have been formulated in (A)dS space-times (see [43{45] for reviews)
and have featured prominently in the AdS/CFT literature, as a class of theories for which
holographic dualities can be constructed rigorously [46{54], essentially because they are a
`weak-weak' type of duality, i.e., CFTs with unbroken higher spin currents are free [55].
They typically contain an innite number of higher spin elds. As a consequence, their
space-time symmetries are extended to innite-dimensional algebras that include higher
spin generalizations of space-time translations, spatial rotations and boosts. Higher spin
gauge theories have thus far mostly been considered in relativistic (A)dS space-times, with
relativistic CFT duals.2
Since both higher spin gauge theories as well as non- and ultra-relativistic space-time
symmetries have played an important role in recent developments in holography, it is
natural to ask whether one can combine the two. In order to answer this question, one
needs to know which non- and ultra-relativistic kinematical algebras can appear as space-
time symmetries of higher spin theories. This is the problem that we will start addressing
in this paper, in the context of higher spin gauge theories in three space-time dimensions.
The reason for restricting ourselves to three space-time dimensions stems from the fact
that, as far as higher spin gauge theory is concerned, this case is a lot simpler than its higher-
dimensional counterpart. For instance, in three dimensions it is possible to consider higher
spin gauge theory in at space-times [63{67], unlike the situation in higher dimensions
where a non-zero cosmological constant is required.3 Moreover, in three dimensions higher
spin gauge theories with only a nite number of higher spin elds can be constructed [71].
In the relativistic case, such theories assume the form of Chern-Simons theories, for a gauge
group that is a suitable nite-dimensional extension of the three-dimensional (A)dS and
Poincare groups. For theories with integer spins ranging from 2 to N in AdS space-time,
this gauge group is given by SL(N;R) 
 SL(N;R). Here, we will restrict ourselves for
simplicity to `spin-3 theory' for which N = 3, although our analysis can straightforwardly
be generalized to arbitrary N .
In this paper, we will thus extend the discussion of kinematical algebras of [1] to theories
in three space-time dimensions that include a spin-3 eld coupled to gravity. In particular,
1Note, however, that the near horizon boundary conditions in [37, 38] lead to a symmetry algebra similar
to but dierent from BMS, while the near horizon boundary conditions in [39{41] lead to innite copies of
the Heisenberg algebra, in terms of which BMS (or related symmetry algebras) are composite.
2See however [56{62] for attempts to consider higher spin theories in non-AdS backgrounds with non-
relativistic CFT duals.
3See however [68{70] for recent progress concerning higher spin theories in four dimensional at space.
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we will start from the observation made in [1] that all kinematical algebras can be obtained
by taking sequential Inonu-Wigner (IW) contraction procedures4 of the (A)dS algebras. We
will then classify all possible IW contraction procedures of the kinematical algebra of spin-
3 theory in (A)dS3, as well as all possible kinematical algebras that can be obtained by
sequential contraction procedures. Some of the kinematical algebras that are obtained in
this way can be interpreted as spin-3 extensions of the Galilei and Carroll algebras. We
will show that one can construct Chern-Simons theories for (suitable extensions of) these
algebras. These can then be interpreted as non- and ultra-relativistic three-dimensional
spin-3 theories. We will in particular argue that these theories can be viewed as higher
spin generalizations of Extended Bargmann gravity [13, 72{74] and Carroll gravity [75],
two examples of non- and ultra-relativistic gravity theories that have been considered in
the literature recently.
The kinematical algebras of spin-3 theories that we obtain in this paper are nite-
dimensional. Relativistic three-dimensional kinematical algebras have innite-dimensional
extensions that are obtained as asymptotic symmetry algebras upon imposing suitable
boundary conditions on metric and higher spin elds, such as the Virasoro algebra (for the
AdS algebra) [76], the BMS algebra (for the Poincare algebra) [77, 78] or W -algebras (for
their higher spin generalizations) [79, 80]. It is interesting to ask whether the non- and
ultra-relativistic algebras found in this paper also have innite-dimensional extensions that
correspond to asymptotic symmetry algebras of their corresponding higher spin gravity
theories. We will not attempt to address this question in full generality in this paper.
We will, however, show that the spin-2 Carroll algebra allows for an innite-dimensional
extension. In particular, we will show that there exist suitable boundary conditions in
three-dimensional Carroll gravity, such that the resulting asymptotic symmetry algebra is
an innite-dimensional extension of the Carroll algebra. This suggests that a similar result
should also hold for the non- and ultra-relativistic spin-3 theories constructed in this paper
as well as for the other spin-2 theories that have not been investigated in detail yet.
The organization of this paper is as follows. In section 2, we classify all IW contraction
procedures of the kinematical algebra of spin-3 theory in (A)dS3. We then classify all kine-
matical algebras that can be obtained by combining these various contraction procedures.
In section 3, we restrict ourselves to the algebras that can be interpreted as non- and ultra-
relativistic ones, for zero cosmological constant. We argue that in the ultra-relativistic
cases, a Chern-Simons theory can be constructed in a straightforward manner. This is not
true for the non-relativistic cases. However, we demonstrate that the non-relativistic kine-
matical algebras can be suitably extended in such a way that a Chern-Simons action can be
written down. We then show via a linearized analysis that the non- and ultra-relativistic
spin-3 Chern-Simons theories thus obtained can be viewed as spin-3 generalizations of
Extended Bargmann gravity and Carroll gravity, respectively. In section 4 we discuss
boundary conditions for Carroll gravity that lead to an innite-dimensional extension of
the Carroll algebra. This section does not depend on the results of the previous sections
4The terminology `IW contraction procedures' might perhaps sound a little unconventional at this point.
We refer to section 2.2 for a more precise discussion about the dierence in our use of the terms `contraction'
and `contraction procedures' and why this is relevant for our work.
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and can therefore be read independently. Finally, in 5 we end with our conclusions and an
outlook for future work.
2 Kinematical spin-3 algebras
In this section, we will be concerned with three-dimensional kinematical spin-3 algebras,
i.e. generalized space-time symmetry algebras of theories of interacting, massless spin-2 and
spin-3 elds. In particular, following Bacry and Levy-Leblond [1] we will classify all such
algebras that can be obtained by combining dierent Inonu-Wigner (IW) contraction [81]
procedures from the algebras that underlie spin-3 gravity in AdS3 and dS3. After recalling
the latter, we will present all possible ways of contracting them, such that non-trivial kine-
matical spin-3 algebras are obtained, via a classication theorem. The proof of this theorem
is relegated to appendix B. Combining dierent of these contraction procedures leads to
various kinematical spin-3 algebras, some of which will be discussed in the next section as
a starting point for considering Carroll and Galilei spin-3 gravity Chern-Simons theories.
2.1 AdS3 and dS3 spin-3 algebras
Spin-3 gravity in (A)dS3 [79, 80] can be written as a Chern-Simons theory for the Lie
algebra sl(3;R)  sl(3;R) (where the  denotes the direct sum as Lie algebras) for AdS3
or sl(3;C) (viewed as a real Lie algebra) for dS3. In the following we will often denote
the higher spin algebra sl(3;R)  sl(3;R), realizing Spin-3 gravity in AdS3, by hs3AdS.
Similarly, we indicate the higher spin algebra sl(3;C), realizing Spin-3 gravity in dS3, by
hs3dS. In both cases, the algebra consists of the generators of Lorentz transformations J^A
and translations P^A along with `spin-3 rotations' J^AB and `spin-3 translations' P^AB, that
are traceless-symmetric in the (AB) indices (A = 0; 1; 2):5
J^AB = J^BA ; 
AB J^AB = 0 ;
P^AB = P^BA ; 
AB P^AB = 0 : (2.1)
Here, AB is the three-dimensional Minkowski metric. We will often refer to fJ^A; P^Ag
as the `spin-2 generators' or the `spin-2 part' and similarly to fJ^AB; P^ABg as the `spin-3
generators' or `spin-3 part'. Their commutation relations are given by [79, 80]
J^A ; J^B

= ABC J^
C ;

J^A ; P^B

= ABC P^
C ;
P^A ; P^B

= ABC J^C ;
J^A ; J^BC

= MA(B J^C)M ;

P^A ; P^BC

=  MA(B J^C)M ;
J^A ; P^BC

= MA(B P^C)M ;

P^A ; J^BC

= MA(B P^C)M ;
J^AB ; J^CD

=  (A(CD)B)M J^M ;

J^AB ; P^CD

=  (A(CD)B)M P^M ;
P^AB ; P^CD

= (A(CD)B)M J^M ; (2.2)
where the upper sign refers to hs3AdS and the lower sign to hs3dS. Note that the rst
two lines constitute the isometry algebra of (A)dS3, i.e. sl(2;R)  sl(2;R) for AdS3 and
sl(2;C), viewed as a real Lie algebra, for dS3.
5We refer to appendix A for index and other conventions used in this and upcoming sections.
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For future reference, we mention that the above algebras are equipped with a nonde-
generate ad-invariant symmetric bilinear form that we will denote by h ; i (where the 
are placeholders for generators) and that we will henceforth call the `invariant metric'. Its
non-zero components are given by
hP^A ; J^Bi = AB ; hP^AB ; J^CDi = A(CD)B  
2
3
ABCD : (2.3)
Note that this represents an invariant metric for both hs3AdS and hs3dS. The existence
of this metric allows one to construct Chern-Simons actions for the algebras hs3AdS and
hs3dS, that correspond to the actions for spin-3 gravity in (A)dS3 [79, 80].
In the following, it will prove convenient to introduce a time-space splitting of the
indices A = f0; a; a = 1; 2g. We will thereby use the following notation:
J = J^0 ; Ga = J^a ; H = P^0 ; Pa = P^a ;
Ja = J^0a ; Gab = J^ab ; Ha = P^0a ; Pab = P^ab : (2.4)
Note that we have left out the generators P^00 and G^00 here. These generators are not
independent, due to the tracelessness constraint (2.1) and in the following we will eliminate
them in favour of Pab and Gab. After these substitutions, the commutation relations of
hs3(A)dS in this new basis are given in the rst column of table 6.
2.2 All kinematical spin-3 algebras by contracting hs3(A)dS
Before discussing spin-3, it is convenient to start with giving a short review of the spin-2
case [1]. Since both the spin-2 and spin-3 cases make use of the IW contraction we rst
discuss this procedure. We will use this as an opportunity to introduce some terminology
that will be used throughout this paper.
Starting from a Lie algebra g, one can choose a subalgebra h and consider the decom-
position g = h + i where + denotes the direct sum as vector spaces (not as Lie algebras).
Upon rescaling the generators of i with a so-called contraction parameter , i ! i, the
commutation relations of g assume the following form
[ h ; h ]  h ; [ h ; i ]  1

h + i ; [ i ; i ]  1
2
h +
1

i : (2.5)
One thus sees that the limit !1 is well-dened.6 Taking this limit leads to an inequiv-
alent algebra, that is a semidirect sum i B h, for which i is an abelian ideal
[ h ; h ]  h ; [ h ; i ]  i ; [ i ; i ] = 0 : (2.6)
This algebra is called the IW contraction of g with respect to h. The IW contraction is
called `trivial' if either h = g or i = g. The procedure that leads to an IW contraction, i.e.
that consists of choosing a subalgebra h, rescaling the generators of i as i!  i and taking
!1, will be denoted as the `IW contraction procedure' in this paper.
6For this to be true, it is crucial that h is chosen as a subalgebra of g. Indeed, for h a generic subspace
of g, one has upon rescaling the generators of i that [ h ; h ]  h +  i and the limit  ! 1 is no longer
well-dened.
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Contraction h i
Space-time fJ; Gag fH; Pag
Speed-space fJ; Hg fGa; Pag
Speed-time fJ; Pag fGa; Hg
General fJg fH; Pa; Gag
Table 1. The four dierent IW contraction procedures classied in [1].
Note that a nontrivial IW contraction procedure is uniquely specied by a suitable
choice of the subalgebra h  g. Not all possible subalgebras, however, lead to interesting IW
contractions that can e.g. be interpreted as kinematical algebras. For spin-2, the question
which contraction procedures of the isometry algebras of AdS or dS lead to kinematical
algebras, has been addressed by Bacry and Levy-Leblond [1]. In particular, they have shown
that there are only four dierent IW contraction procedures of the AdS or dS algebras that
lead to kinematical algebras. These have been called `space-time', `speed-space', `speed-
time' and `general' in [1]. Eectively, the rst three of these contractions can be described
by either taking a limit of the (A)dS radius ` or the speed of light c. Specically, the
space-time contraction corresponds to ` ! 1, the speed-time contraction corresponds to
c ! 0 and the speed-space contraction corresponds to c ! 1. However, in this work
we suppress factors of ` and c. The general contraction procedure can also be obtained
as a sequential contraction of the other three and therefore does not provide us with a
new algebra. Moreover, it has been shown that there are in total 8 possible kinematical
algebras7 that can be obtained by combining dierent IW contraction procedures of the
AdS or dS isometry algebras. We have summarized the four IW contraction procedures
in table 1, by indicating the subalgebra h with respect to which the contraction procedure
is taken, as well as the generators that form the abelian ideal i. The names of the eight
kinematical algebras of [1], along with the symbols we will use to denote them, are given
in table 2. The IW contraction procedures and the contracted algebras that we discussed
so far can be conveniently summarized as a cube, see gure 1.
We next consider the spin-3 case where, following the spin-2 case, we will obtain a
classication of all possible contraction procedures8 of hs3AdS and hs3dS by listing all their
possible subalgebras. We start from hs3(A)dS since these are semisimple algebras and can
7The possible kinematical algebras considered in [1] are all possible space-time symmetry algebras that
obey the assumptions that space is isotropic and therefore their generators have the correct (H is a scalar,
P; J; G are vectors) transformation behavior under rotations. Furthermore, parity and time-reversal are
automorphisms and boosts are non-compact.
8Here, we will classify dierent contraction procedures, in the sense dened above as dierent choices
of subalgebra h. This does not mean that all these contraction procedures lead to non-isomorphic Lie
algebras. Indeed, in the analysis of [1] e.g. one can see that the space-time and speed-time contraction
procedures applied to the AdS3 isometry algebra lead to two contractions that are both isomorphic to the
Poincare algebra. We should however mention that these algebras are isomorphic in the mathematical
sense; physically they can be regarded as non-equivalent as the isomorphism that relates them corresponds
to an interchange of boost and translation generators. Note also that the dierent contraction procedures
that are classied here are not necessarily independent. As an example, one can check that the general
contraction procedure of table 1 can be obtained by sequential space-time, speed-space and speed-time
contractions in an arbitrary order.
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Name Symbol
(Anti) de Sitter (A)dS
Poincare poi
Para-Poincare ppoi
Newton-Hooke nh
Galilei gal
Para-Galilei pgal
Carroll car
Static st
Table 2. Names of the kinematical algebras and the symbols that denote them.
(A)dS
poi
nh
ppoi
gal
pgal
car
st
Spac
e-tim
e
S
p
eed
-sp
ace
Speed-time
Ge
ne
ra
l
Figure 1. This cube summarizes the sequential contractions starting from (A)dS. The lines
represent contraction procedures and the dots represent the resulting contractions. We consider
contraction procedures starting from AdS and dS simultaneously. Each dot can therefore represent
one contraction, if the contraction procedures from AdS and dS lead to the same algebra, or two
contractions, if the contraction procedures from AdS and dS lead to two dierent results. We have
indicated this in the cube by using single lines, for contraction procedures that lead to the same
contraction, and double lines otherwise. Dashed lines have no specic meaning except that they
should convey the feeling of a three-dimensional cube.
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Contraction # h i
Space-time 1 fJ; Ga; Ja; Gabg fH; Pa; Ha; Pabg
2 fJ; Ga; Ha; Pabg fH; Pa; Ja; Gabg
Speed-space 3 fJ; H; Ja; Hag fGa; Pa; Gab; Pabg
4 fJ; H; Gab; Pabg fGa; Pa; Ja; Hag
Speed-time 5 fJ; Pa; Ja; Pabg fGa; H; Ha; Gabg
6 fJ; Pa; Ha; Gabg fGa; H; Ja; Pabg
7 fJ; Jag fH; Pa; Ga; Ha; Gab; Pabg
General 8 fJ; Gabg fH; Pa; Ga; Ja; Ha; Pabg
9 fJ; Hag fH; Pa; Ga; Ja; Gab; Pabg
10 fJ; Pabg fH; Pa; Ga; Ja; Ha; Gabg
Table 3. All democratic contraction procedures.
therefore not be viewed as contractions themselves (as nontrivial contraction procedures
always lead to algebras with an abelian ideal that are thus not semisimple). Now, in order
to obtain contractions that can be identied as interesting kinematical spin-3 algebras, we
will impose two restrictions:
 When restricted to the spin-2 part of the algebra, the contraction procedures should
correspond to those considered in table 1. This ensures that the spin-2 parts of the
algebras obtained by various combinations of these contraction procedures correspond
to the kinematical algebras of [1].
 Furthermore, we will also demand that in the resulting contraction not all commuta-
tors of the spin-3 part are vanishing. This requirement is motivated by the fact that
we are interested in using these contractions to describe fully interacting theories
of massless spin-2 and spin-3 elds. Indeed, as we will show later on, for some of
the algebras obtained here, one can construct a Chern-Simons action for spin-2 and
spin-3 elds. Only when the commutators of the spin-3 part are not all vanishing,
do the spin-3 elds contribute to the equations of motion of the spin-2 elds.
All ways of contracting hs3AdS and hs3dS that obey these two restrictions can then be
summarized by the following theorem:
Theorem 1. All possible IW contraction procedures, that reduce to those considered in ta-
ble 1 when restricted to the spin-2 part and that are non-abelian on the subspace spanned by
the spin-3 generators fJa; Ha; Gab; Pabg, are given by 10 `democratic' contraction procedures
that are specied in table 3 and 7 `traceless' contraction procedures, given in table 4. As in
table 1, we have specied these contraction procedures by indicating the subalgebra h with
respect to which hs3(A)dS is contracted, as well as by giving the resulting abelian ideal i.
A complete proof of this theorem is given in appendix B. For now, let us suce by
saying that the proof starts by noting that each of the subalgebras h in table 1 needs
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Contraction # h i
Speed-space 4a fJ; H; Gab; P12; P22   P11g fGa; Pa; Ja; Ha; P11 + P22g
4b fJ; H; G12; G22   G11; Pabg fGa; Pa; Ja; Ha; G11 + G22g
4c fJ; H; G12; G22   G11; P12; P22   P11g fGa; Pa; Ja; Ha; G11 + G22; P11 + P22g
8a fJ; G12; G22   G11g fH; Pa; Ga; Ja; Ha; G11 + G22; Pabg
General 10a fJ; P12; P22   P11g fH; Pa; Ga; Ja; Ha; Gab; P11 + P22g
8b fJ; G12; G22   G11; P11 + P22g fH; Pa; Ga; Ja; Ha; G11 + G22; P12; P22   P11g
10b fJ; P12; P22   P11; G11 + G22g fH; Pa; Ga; Ja; Ha; G12; G22   G11; P11 + P22g
Table 4. All traceless contraction procedures.
to be supplemented with spin-3 generators, in order to have a contraction with a non-
abelian spin-3 part. The proof then proceeds by enumerating, for each of the contraction
procedures of table 1, all possibilities in which spin-3 generators can be added to h such
that one still obtains a subalgebra, that leads to a contraction with a non-abelian spin-3
part. We refer to appendix C for the explicit Lie algebras of the contraction procedures
given in table 3.
Finally, let us comment on the terminology `democratic' and `traceless'. This termi-
nology stems from the fact that the three independent generators contained in Pab (Gab)
form a real, reducible representation of J, that can be split into a tracefree symmetric part
consisting of the generators fP12; P22   P11g (fG12; G22   G11g) and a trace part P11 + P11
(G11+G22). The democratic contraction procedures are such that the subalgebra h contains
both tracefree symmetric and trace components of Pab (Gab), if present. In some cases, it
is not necessary to include the trace component in h in order to obtain a valid subalgebra.
This is the case for the democratic contraction procedures, numbered 4, 8 and 10 in table 3.
Moving the trace component from h to i leads to the traceless cases 4a, 4b, 4c, 8a and 10a
in table 4. In the last two remaining cases both the tracefree symmetric part of Gab (Pab)
and the trace part of Pab (Gab) belong to the subalgebra h. Doing this leads to the traceless
cases 8b and 10b.
The democratic contractions can again be summarized as a cube, see gure 2.
3 Spin-3 Carroll, Galilei and extended Bargmann Chern-Simons theories
In the previous section, we have classied all possible contraction procedures of the spin-
3 AdS3 and dS3 algebras. Combining some of these contraction procedures can lead to
algebras whose spin-2 part corresponds to the Carroll or Galilei algebra. Here, we will study
these cases in more detail. In particular, we will be concerned with constructing Chern-
Simons theories for these spin-3 algebras, or suitable extensions thereof. This extends [75]
where the case of spin-2 Carroll and spin-2 Galilei gravity is discussed.
Assuming that there is an invariant metric h ; i available, the Chern-Simons action
can be constructed as
S[A] =
Z 
A ^ dA+ 2
3
A ^A ^A

; (3.1)
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hs3(A)dS
hs3poi
hs3nh
hs3ppoi
hs3gal
hs3pgal
hs3car
hs3st
#3
#4
#5
#6
#1
#2
Figure 2. This gure summarizes the sequential democratic contractions of table 3. There are 2
space-time (blue; #1,#2), 2 speed-space (red; #3,#4) and 2 speed-time (black; #5,#6) contractions
and combining them leads to the full cube. The commutators of the algebras corresponding to the
dots are given in tables 6{13. In comparison to gure 1, we have for clarity omitted the double lines
and the diagonal lines that indicate the direct IW contraction procedures to the static algebras.
where A is an algebra-valued gauge eld. Using the invariant metric (2.3), one can nd the
Chern-Simons actions for spin-3 gravity in (A)dS3 [79, 80]. Performing the rst contraction
procedure of table 3, i.e. rescaling P^A !  P^A, P^AB !  P^AB and taking the limit  ! 1,
leads to the spin-3 Poincare algebra hs3poi1 of table 6. This algebra can be equipped with
the same invariant metric (2.3) and the associated Chern-Simons action leads to spin-3
gravity in three-dimensional at space-time [63, 64].
In order to construct Chern-Simons actions for Carroll and Galilei spin-3 algebras, one
therefore needs to know whether these algebras can be equipped with an invariant metric.
In this respect, it is useful to note that it is not always true that the IW contraction of an
algebra equipped with an invariant metric, also admits one. A counter-example is provided
by the three-dimensional Carroll and Galilei algebras which both arise as IW contractions
of the Poincare algebra, that in three dimensions has an invariant metric. However, only the
Carroll algebra admits an invariant metric; the Galilei algebra does not. Naively, one can
thus not construct a Chern-Simons action for the Galilei algebra. Fortunately, there exists
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an extension of the Galilei algebra, the so-called Extended Bargmann algebra [13, 72{74],
that can be equipped with an invariant metric and for which a Chern-Simons action can
be constructed.
In this section, we will show that similar results hold in the spin-3 case. In particular,
we will see that the spin-3 versions of the Carroll algebra admit an invariant metric and
that a Chern-Simons action can be straightforwardly constructed. The spin-3 versions of
the Galilei algebra do not have an invariant metric but a theorem due to Medina and
Revoy [82] implies that they can be extended to algebras with an invariant metric. We will
then explicitly construct these `spin-3 Extended Bargmann' algebras and their associated
Chern-Simons actions. In this way, we will obtain spin-3 versions of Carroll gravity [30, 75]
and Extended Bargmann gravity [13, 72{74].
We will rst treat the case of spin-3 Carroll gravity in section 3.1, while the spin-
3 Extended Bargmann gravity case will be discussed in section 3.2. In both cases, we
will also study the equations of motion, at the linearized level. This will allow us to
interpret the Chern-Simons actions for these theories as suitable spin-3 generalizations of
the actions of Carroll and Extended Bargmann gravity, in a rst order formulation. In
particular, this linearized analysis will show that some of the gauge elds appearing in
these actions can be interpreted as generalized vielbeine, while others can be viewed as
generalized spin connections. The latter in particular appear only algebraically in the
equations of motion and are therefore dependent elds that can be expressed in terms of
other elds. We will give these expressions. In some cases, we will see that not all spin
connection components become dependent. We will argue that the remaining independent
spin connection components can be viewed as Lagrange multipliers that implement certain
constraints on the geometry. For simplicity, we will restrict ourselves to Carroll and Galilei
spin-3 gravity theories. The analysis provided here can be straightforwardly extended to
include a cosmological constant.
3.1 Spin-3 Carroll gravity
There are four distinct ways of contracting hs3(A)dS, such that a spin-3 algebra whose
spin-2 part coincides with the Carroll algebra is obtained. These four ways correspond
to combining the contraction procedures 1 and 5, 1 and 6, 2 and 5 or 2 and 6 of table 3
respectively. We will denote the resulting algebras as hs3car1, hs3car2, hs3car3 and hs3car4.
Their structure constants are summarized in table 9. Note that hs3car3 and hs3car4 each
come in two versions, since we apply the IW contraction procedures to AdS and dS simul-
taneously. These versions dier in the signs of some of their structure constants, as can
be seen from table 9. The existence of these dierent versions when applying the contrac-
tion procedures 2 and 5 (or 2 and 6) stems from the fact that the combination of these
contraction procedures leads to dierent algebras, depending on whether one starts from
hs3AdS or from hs3dS. By contrast, applying contraction procedures 1 and 5 (or 1 and
6) on hs3AdS and hs3dS leads to the same result, namely hs3car1 (or hs3car2).
By examining the structure constants of table 9, one can see that hs3car1 (hs3car2)
and hs3car3 (hs3car4) are related via the following interchange of generators
Ha $ Ja ; Pab $ Gab (3.2)
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plus potentially some sign changes in structure constants, as mentioned in the previous
paragraph. The structure of the Chern-Simons theories will therefore be very similar
for hs3car1 (hs3car2) and hs3car3 (hs3car4). In the following, we will therefore restrict
ourselves to hs3car1 and hs3car2. We will now discuss the Chern-Simons theories for these
two cases in turn.
3.1.1 Chern-Simons theory for hs3car1
The commutation relations of hs3car1 are summarized in the rst column of table 9. This
algebra admits the following invariant metric
hH ; Ji =   1 ; hPa ; Gbi = ab ;
hHa ; Jbi =   ab ; hPab ; Gcdi = a(cd)b  
2
3
abcd : (3.3)
This can be obtained either by direct computation or by applying the contraction proce-
dures 1 and 5 of table 3 on the invariant metric (2.3) of hs3(A)dS (suitably rescaled with
the contraction parameters). Using the commutation relations of hs3car1 and the invariant
metric (3.3), the Chern-Simons action (3.1) and its equations of motion can be explicitly
written down. Here, we will be interested in studying the action and equations of motion,
linearized around a at background solution9 given by
A = 
0
 H + 
a
 Pa : (3.4)
We will therefore assume that the gauge eld is given by this background solution A, plus
uctuations around this background
A =
 
0 + 

H+
 
a + e
a

Pa+! J+B
a Ga+
a Ha+e
ab Pab+!
a Ja+B
ab Gab : (3.5)
Here,  can be interpreted as a linearized time-like vielbein, e
a as a linearized spatial
vielbein, while ! and B
a can be viewed as linearized spin connections for spatial rotations
and boosts respectively. Similarly, 
a, e
ab, !
a and B
ab can be interpreted as spin-3
versions of these linearized vielbeine and spin connections.
Using the expansion (3.5) in the Chern-Simons action (3.1) and keeping only the terms
quadratic in the uctuations, one nds the following linearized action:
Shs3car1 =
Z
d3x

  2@!+2ea@Ba 2a@!a+4eab@Bab  4
3
e
aa@B
bb
  0!a!bab   2a!Bbab   4a!cBcbab

: (3.6)
9For elds in this at background solution, the curved  index becomes equivalent to a at one. In the
following, we will therefore denote the time-like and spatial values of the  index by 0 and a. The a index
can moreover be freely raised and lowered using a Kronecker delta. We will often raise or lower spatial a
indices on eld components (even if it leads to equations with non-matching index positions on the left-
and right-hand-sides), to make more clear which eld components are being meant.
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The linearized equations of motion corresponding to this action are given by
0 = R(H)  @   @   aBbab + aBbab ;
0 = R(P
a)  @ea   @ea + abb!   abb! ;
0 = R(J)  @!   @! ;
0 = R(G
a)  @Ba   @Ba ;
0 = R(H
a)  @a   @a   ab0!b + ab0!b   2bBacbc + 2bBacbc ;
0 = R(P
ab)  @eab  @eab+ 1
2
c!
(ab)c  1
2
c!
(ab)c
  c!dcdab + c!dcdab ;
0 = R(J
a)  @!a   @!a ;
0 = R(G
ab)  @Bab   @Bab : (3.7)
The equations
R(H) = 0 ; R(P
a) = 0 ; R(H
a) = 0 ; R(P
ab) = 0 (3.8)
contain the spin connections !, B
a, !
a and B
ab only in an algebraic way. These equa-
tions can thus be solved to yield expressions for some of the spin connection components
in terms of the vielbeine and their derivatives.
Let us rst see how this works for the spin-2 spin connections ! and B
a. The
equation R0a(H) = 0 can be straightforwardly solved for B0
a:
B0
a = ab (@0b   @b0) : (3.9)
Similarly, the equation Rab(H) = 0 (or equivalently 
abRab(H) = 0) can be solved for Bc
c
(the spatial trace of B
a):
Bc
c =
1
2
ab (@ab   @ba) : (3.10)
From Rab(P
c) = 0 (or equivalently abRab(P
c) = 0) one nds the spatial part of !:
!a =
1
2
bc (@beca   @ceba) : (3.11)
Finally, let us consider the equation R0a(Pb) = 0. The anti-symmetric part of this equation
abR0a(Pb) = 0 can be solved for the time-like part of !:
!0 =
1
2
ab (@ae0b   @0eab) : (3.12)
The symmetric part R0(a(Pb)) = 0 does not contain any spin connection and can be viewed
as a constraint on the geometry
@0e(ab)   @(aej0jb) = 0 : (3.13)
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In summary, we nd that R(H) = 0 and R(P
a) = 0 lead to the constraint (3.13) as well
as the following solutions for ! and B
a
! =
1
2
0 
ab (@ae0b   @0eab) + 1
2
a 
bc (@beca   @ceba) ;
B
a = 0 
ab (@0b   @b0) + 1
4
a 
bc (@bc   @cb) + b ~Bba ; (3.14)
where ~Bb
a is an undetermined traceless tensor. The boost connection B
a is thus not fully
determined in terms of  and e
a.
A similar reasoning allows one to solve for certain components of the spin-3 connections
!
a and B
ab. In particular, the equation Rab(H
c) = 0 can be solved for Bd
da, a spatial
trace of B
ab:
Bd
da =
1
4
bc (@bc
a   @cba) : (3.15)
The equation Rab(P
cd) = 0 can be solved for the symmetric, spatial part of !
a:
!(ab) = cd

@ced
ab   @decab

  1
3
abcd (@ced
ee   @decee) : (3.16)
The anti-symmetric, spatial part of !
a can be found from R0a(H
a) = 0:
ab!ab = @0a
a   @a0a : (3.17)
From the other equations contained in R0b(H
a) = 0 one then nds
B0
ab =
1
4
(ajcj

@0c
b)   @c0b)

+
1
4
cd

@ced
ab   @decab

  1
6
abcd (@ced
ee   @decee) :
(3.18)
The equation R0a(Pbc) = 0 can be divided into a part that is fully symmetric in the indices
a, b, c and a part that is of mixed symmetry:
R0a(Pbc) = 0 , RS0a(Pbc) = 0 and RMS0a (Pbc) = 0 ; (3.19)
where
RS0a(Pbc) =
1
3
(R0a(Pbc) +R0c(Pab) +R0b(Pca)) ;
RMS0a (Pbc) =
1
3
(2R0a(Pbc) R0c(Pab) R0b(Pca)) : (3.20)
The equation RMS0a (Pbc) = 0 can be solved for !0
a, by noting that
RMS0a (Pbc) = 0 , abR0a(Pbc) = 0 : (3.21)
The solution one nds is given by
!0
a =
2
5
bc (@be0
ca   @0ebca) : (3.22)
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The fully symmetric part RS0a(Pbc) = 0 can not be used to solve for other spin connection
components. Rather, it should be viewed as a constraint on the geometry:
@0eb
ac   @be0ac + @0eabc   @ae0bc + @0ecab   @ce0ab
+
2
5
ac

@be0
dd   @de0bd + @0edbd   @0ebdd

+
2
5
bc

@ae0
dd   @de0ad + @0edad   @0eadd

+
2
5
ab

@ce0
dd   @de0cd + @0edcd   @0ecdd

= 0 : (3.23)
This constraint can be slightly simplied. By contracting it with bc, one nds that
@ae0
bb   @0eabb = 6

@be0
ab   @0ebab

: (3.24)
Using this, one nds that (3.23) simplies to
@0eb
ac   @be0ac + @0eabc   @ae0bc + @0ecab   @ce0ab + 1
3
bc

@ae0
dd   @0eadd

+
1
3
ac

@be0
dd   @0ebdd

+
1
3
ab

@ce0
dd   @0ecdd

= 0 :
(3.25)
One thus nds for the spin-3 sector, that the equations R(H
a) = 0 and R(P
ab) = 0 lead
to the constraint (3.25) and the following solutions for !
a and B
ab:
!
a =
2
5
0
bc (@be0
ca   @0ebca) + 1
2
b

cd

@ced
ba   @decba

  1
3
ab 
cd (@ced
ee   @decee) + ba (@0cc   @c0c)

;
B
ab =
1
4
0

(ajcj

@0c
b)   @c0b)

+ cd

@ced
ab   @decab

  2
3
abcd (@ced
ee   @decee)

+
1
12
(a 
jdej

@de
b)   @edb)

+ c
~Bc
ab ; (3.26)
where ~Bc
ab is an arbitrary tensor obeying ~Bb
ba = 0. As for the spin-2 sector, one thus nds
that the spin-3 boost connection B
ab can not be fully determined in terms of 
a and e
ab.
It is interesting to see what role the undetermined components ~Bb
a and ~Bc
ab play. In
particular, one can check how these components appear in the Lagrangian and what their
equations of motion are. Upon partial integration in the action (3.6), one nds that the
terms in the Lagrangian involving B
a can be written as
R(Pa)B
a : (3.27)
The traceless spatial components ~Bb
a of B
a thus couple to
cbR0c(Pa)  1
2
ba
cdR0c(Pd) : (3.28)
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This can however be rewritten as
  1
2
cbR0(a(Pb)) : (3.29)
One thus sees that ~Bb
a acts as a Lagrange multiplier for R0(a(Pb)) = 0, which led to the
constraint (3.13). Similarly, one can check that ~Bc
ab plays the role of Lagrange multiplier
for the constraint (3.25).
3.1.2 Chern-Simons theory for hs3car2
The commutation relations of hs3car2 can be obtained by successively applying the con-
traction procedures 1 and 6 of table 3 and are given in the second column of table 9. One
can check, either by explicit computation or by contraction of the invariant metric (2.3),
that hs3car2 can be equipped with the same invariant metric (3.3) as hs3car1. Similarly,
it can be checked that (3.4) is a solution of the full non-linear equations of motion of the
Chern-Simons theory for hs3car2. As before, we will study the Chern-Simons action and
its equations of motion, linearized around this background. Adopting the linearization
ansatz (3.5), the linearized Chern-Simons action is found to be given by
Shs3car2 =
Z
d3x

 2@!+ 2ea@Ba  2a@!a + 4eab@Bab   4
3
e
aa@B
bb
+ 40B
acB
cbab   2a!Bbab   4a!cBcbab

: (3.30)
The linearized equations of motion derived from this action are
0 = R(H)  @   @   aBbab + aBbab ;
0 = R(P
a)  @ea   @ea + abb!   abb! ;
0 = R(J)  @!   @! ;
0 = R(G
a)  @Ba   @Ba ;
0 = R(H
a)  @a   @a   2bBacbc + 2bBacbc ;
0 = R(P
ab)  @eab   @eab + 1
2
c!
(ab)c   1
2
c!
(ab)c   c!dcdab
+ c!
dcd
ab   0Bc(ab)c + 0Bc(ab)c ;
0 = R(J
a)  @!a   @!a ;
0 = R(G
ab)  @Bab   @Bab : (3.31)
As in the case of hs3car1, the equations R(H) = 0, R(P
a) = 0, R(H
a) = 0 and
R(P
ab) = 0 contain the spin connections !, B
a, !
a and B
ab algebraically. These
equations can thus be used to express some spin connection components in terms of the
vielbeine. Since the linearized equations of motion for hs3car1 and hs3car2 coincide for
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the spin-2 sector, the solutions for ! and B
a are again given by (3.14). As before, the
traceless spatial part ~Bb
a of B
a acts as a Lagrange multiplier for the constraint (3.13).
In the spin-3 sector, one can solve the equations Rcd(P
ab) = 0 for the symmetric, spatial
part of !
a:
!(ab) = cd

@ced
ab   @decab

  1
3
abcd (@ced
ee   @decee) : (3.32)
From R0c(P
aa) = 0, one nds
!0
a =
1
3
ab (@0eb
cc   @be0cc) ; (3.33)
while the remaining equations in R0c(P
aa) = 0, together with Rbc(H
a) = 0 lead to
Ba
bc =
1
2
cd

@de0
ab   @0edab

  1
2
acde

@0ed
eb   @de0eb

+
1
2
bcde (@0ed
ea   @de0ea)
+
1
4
bcde (@de
a   @eda) + 1
2
bcad (@0ed
ee   @de0ee)  1
3
acbd (@0ed
ee   @de0ee)
+
1
6
abcd (@0ed
ee   @de0ee) : (3.34)
The traceless part of R0b(H
a) = 0 can be used to solve for B0
ab:
B0
ab =
1
4
(ajcj

@0c
b)   @c0b)

; (3.35)
while the trace part R0a(H
a) = 0 leads to the constraint
@0a
a   @a0a = 0 : (3.36)
One thus nds
B
ab =
1
4
0
(ajcj

@0c
b)  @c0b)

+ c

1
2
ad

@de0
bc   @0edbc

  1
2
acde

@0ed
eb   @de0eb

+
1
2
abde (@0ed
ec   @de0ec) + 1
4
abde (@de
c   @edc) + 1
2
abcd (@0ed
ee   @de0ee)
  1
3
acbd (@0ed
ee   @de0ee) + 1
6
bcad (@0ed
ee   @de0ee)

;
!
a =
1
3
0
ab (@0eb
cc   @be0cc) + acd

@ced
ab   @decab

  1
3
ab (@ced
ee   @decee)

+ b 
ab ~! ; (3.37)
where ~! is undetermined. By examining the action (3.30), one can see that ~! plays the
role of a Lagrange multiplier for the constraint (3.36).
3.2 Spin-3 Galilei and extended Bargmann gravity
In the previous section, we have studied Carroll spin-3 algebras, whose spin-2 part corre-
sponds to the Carroll algebra. Using the contraction procedures of table 3, one can also
obtain non-relativistic spin-3 algebras, that contain the Galilei algebra. As in the Carroll
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case, there are four distinct ways of doing this, namely by successively applying the con-
traction procedures 1 and 3, 1 and 4, 2 and 3 or 2 and 4 of table 3. We have called the
resulting algebras hs3gal1, hs3gal2, hs3gal3 and hs3gal4 respectively and summarized their
commutation relations in table 10. As in the Carroll case, hs3gal3 and hs3gal4 each come
in two dierent versions, depending on whether one applies the combination of contrac-
tion procedures on hs3AdS or hs3dS. They are again structurally similar to hs3gal1 and
hs3gal2. We will therefore restrict our discussion here to these two cases.
In contrast to the spin-3 Carroll algebras, whose invariant metrics arose from applying
the relevant contraction procedures on (2.3), a similar reasoning for the spin-3 Galilei
algebras leads to degenerate bilinear forms. One can in fact show by direct computation
that they can not be equipped with a nondegenerate symmetric invariant bilinear form.10
It could be interesting to investigate these algebras, given explicitly in table 10, and their
degenerate bilinear forms. For the spin-2 case, this has been done in [75]. Due to the
degeneracy of the bilinear form, some of the elds appear without kinetic term in the
action (see equation (3.1)) and are therefore not dynamical. In the spin-2 case, one can
nevertheless interpret these non-dynamical elds as Lagrange multipliers for geometrical
constraints, similarly to what happens in the Carroll cases of the previous section. Although
it would be interesting to see whether similar results hold for the higher spin case, we will
not do this here and instead we will look at Chern-Simons theories where each eld has
a kinetic term. These can not be based on the spin-3 Galilei algebras, but interestingly,
a theorem due to Medina and Revoy [82] implies that these algebras can be extended
to algebras that admit an invariant metric, i.e. a nondegenerate ad-invariant symmetric
bilinear form. Remarkably, in this way one ends up with a spin-3 version of the Extended
Bargmann algebra. This procedure can be stated as follows [82, 83].
Theorem 2. Consider a Lie algebra that is a semi-direct sum of Lie algebras g (with
generators Gi) and h (with generators H), whose commutation relation are given by
[ Gi ; Gj ] = fij
kGk [ H ; Gi ] = fi
jGj [ H ; H ] = f
H : (3.38)
Suppose furthermore that g is equipped with an invariant metric h ; ig
hGi ; Gjig = gij ; (3.39)
that is left invariant by the action of h on g, given by the second commutation relation
of (3.38). Denote the dual of h by h (with generators H).
Then, g + h+ h (where + denotes a direct sum as vector spaces) forms a Lie algebra
d with commutation relations
[ Gi ; Gj ] = f
k
ij Gk + fijH
 [ H ; H ] = f

 H
[ H ; Gi ] = f
j
i Gj [ H ; H
 ] =  f  H
[ H ; Gi ] = 0 [ H
 ; H ] = 0 ; (3.40)
10This is even true when one allows nontrivial central extensions. One algebra admits no nontrivial
central extensions (the second cohomology group is trivial), whereas the other does admit three nontrivial
extensions of which no combination of them can be used to dene an invariant metric.
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where fij = fi
kgkj. This Lie algebra d, called the double extension of g by h, moreover
admits an invariant metric h ; id whose non-zero components are given by
hGi ; Gjid = gij ; hH ; Hid = h ; hH ; Hid =  ; (3.41)
where h represents a possibly degenerate symmetric invariant bilinear form on h.
This theorem can be applied to the ordinary Galilei algebra in three dimensions and
yields the so-called Extended Bargmann algebra [13, 72{74], that extends the Galilei alge-
bra with two central extensions. Applying the theorem to hs3gal1 and hs3gal2 yields two
spin-3 algebras, that we will denote, in hindsight, by hs3ebarg1 and hs3ebarg2 (since they
have an Extended Bargmann spin-2 subalgebra).
The algebra hs3ebarg1 can be obtained by applying the Medina-Revoy theorem to
hs3gal1. Indeed, with the choices g = fPa; Ga; Pab; Gabg, h = fH; J; Ha; Jag and
hPa ; Gbig = ab ; hPab ; Gcdig = a(cd)b  
2
3
abcd ; (3.42)
the assumptions of the theorem are fullled and the algebra hs3ebarg1 can be constructed.
Denoting the generators of h by fH; J; Ha; Jag, the commutation relations of hs3ebarg1
are given in table 5. The invariant metric of hs3ebarg1 is explicitly given by
hPa ; Gbi = ab ; hPab ; Gcdi = a(cd)b  
2
3
abcd ;
hH ; Hi = 1 ; hJ ; Ji = 1 ;
hHa ; Hbi = ab ; hJa ; Jbi = ab : (3.43)
Similarly, starting from hs3gal2 and using the Medina-Revoy theorem with the choices
g = fPa; Ga; Ha; Jag, h = fH; J; Pab; Gabg and
hPa ; Gbig = ab ; hHa ; Jbig =  ab ; (3.44)
the algebra hs3ebarg2 can be constructed. Denoting the generators of h
 by
fH; J; Pab; Gabg, its commutation relations are given in table 5.
This algebra admits the following invariant metric
hPa; Gbi = ab ; hHa; Jbi =  ab ;
hH; Hi = 1 ; hJ; Ji = 1 ;
hPab; Pcdi = a(cd)b ; hGab; Gcdi = a(cd)b : (3.45)
Note that for both hs3ebarg1 and hs3ebarg2 the generators fH; J; Pa; Ga; H; Jg form a sub-
algebra that coincides with the Extended Bargmann algebra. The Chern-Simons theories
based on these algebras can therefore be viewed as spin-3 extensions of Extended Bargmann
gravity, studied in [13, 72{74]. In the next subsections, we will discuss these spin-3 Ex-
tended Bargmann gravity theories, at the linearized level.
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hs3ebarg1 hs3ebarg2
[ J ; Ga ] amGm [ J ; Ga ] amGm
[ J ; Pa ] amPm [ J ; Pa ] amPm
[ Ga ; H ]  amPm [ Ga ; H ]  amPm
[ Ga ; Gb ] abH
 [ Ga ; Gb ] abH
[ Pa ; Gb ] abJ
 [ Ga ; Pb ] abJ
[ J ; Ja ] amJm [ J ; Ja ] amJm
[ J ; Gab ]  m(aGb)m [ J ; Gab ]  m(aGb)m
[ J ; Ha ] amHm [ J ; Ha ] amHm
[ J ; Pab ]  m(aPb)m [ J ; Pab ]  m(aPb)m
[ Ga ; Jb ]  (amGbm + abGmm) [ Ga ; Gbc ]  a(bJc)
[ Ga ; Hb ]  (amPbm + abPmm) [ Ga ; Pbc ]  a(bHc)
[ H ; Ja ] amHm [ H ; Ja ] amHm
[ H ; Gab ]  m(aPb)m [ H ; Gab ]  m(aPb)m
[ Pa ; Jb ]  (amPbm + abPmm) [ Pa ; Gbc ]  a(bHc)
[ Ja ; Jb ] abJ [ Ja ; Gbc ] a(bc)mGm
[ Ja ; Gbc ] a(bc)mGm [ Ja ; Pbc ] a(bc)mPm
[ Ja ; Hb ] abH [ Gab ; Gcd ] (a(cd)b)J
[ Ja ; Pbc ] a(bc)mPm [ Gab ; Hc ]  c(ab)mPm
[ Gab ; Hc ]  c(ab)mPm [ Gab ; Pcd ] (a(cd)b)H
[ Gab ; Gcd ] (a(cd)b)H
 [ Ga ; Jb ]  amPmb
[ Pab ; Gcd ] (a(cd)b)J
 [ Ga ; Hb ]  amGmb
[ Pa ; Gbc ] a(bJ

c) [ Pa ; Jb ]  amGmb
[ Ga ; Gbc ] a(bH

c) [ Ja ; Jb ]  abH
[ Ga ; Pbc ] a(bJ

c) [ Ja ; Hb ]  abJ
[ J ; Ha ] amHm [ J ; Pab ]  m(aPb)m
[ J ; Ja ] amJm [ J ; Gab ]  m(aGb)m
[ H ; Ha ] amJm [ H ; Pab ]  m(aGb)m
[ Ja ; J
 ]  amJm [ Gab ; J ]  m(aGb)m
[ Ja ; H
 ]  amHm [ Gab ; H ]  m(aPb)m
[ Ja ; J

b ] abJ
 [ Gab ; Gcd ] (a(cd)b)J

[ Ja ; H

b ] abH
 [ Gab ; Pcd ] (a(cd)b)H

[ Ha ; H
 ]  amJm [ Pab ; H ]  m(aGb)m
[ Ha ; H

b ] abJ
 [ Pab ; Pcd ] (a(cd)b)J

Table 5. Nonzero commutators of hs3ebarg1 and hs3ebarg2. This algebras admit an invariant
metric, given by equation (3.43) and (3.45), respectively.
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3.2.1 Chern-Simons theory for hs3ebarg1
Using the structure constants of table 5 and the invariant metric (3.43), the Chern-Simons
action for hs3ebarg1 can be constructed. As before, we will restrict ourselves to a linearized
analysis. In particular, one can show that the following
A = 
0
 H + 
a
 Pa ; (3.46)
is again a solution of the full non-linear equations of motion. Similar in spirit to (3.5), we
consider the following linearization ansatz
A =
 
0 + 

H +
 
a + e
a

Pa + ! J +B
a Ga + 
a Ha + e
ab Pab
+ !
a Ja +B
ab Gab + 

 H
 + ! J
 + a Ha + !
a Ja : (3.47)
The linearized eld equations can be obtained by putting the following linearized eld
strengths to zero
R(H) = @   @ ;
R(Pa) = @e
a   @ea   ab0Bb + ab0 Bb + abb !   abb ! ;
R(J) = @!   @! ;
R(G
a) = @B
a   @Ba ;
R(H
a) = @
a   @a   ab0!b + ab0!b ;
R(P
ab) = @e
ab   @eab   c!dcdab + c!dcdab  
1
2
c
c(a!
b) +
1
2
c
c(a!
b)
+ 0
c(aB
b)c   0c(aBb)c ;
R(J
a) = @!
a   @!a ;
R(G
ab) = @B
ab   @Bab ;
R(H
) = @   @ ;
R(J
) = @!   @! + aBbab   aBbab ;
R(H
a) = @a   @a ;
R(J
a) = @!a   @!a + 2bBcabc   2bBcabc   ab0b + ab0b : (3.48)
As in the Carroll cases, the spin connections !, B
a, !
a and B
ab appear algebraically
in the equations
R(P
a) = 0 ; R(J
) = 0 ; R(Ha) = 0 ; R(Pab) = 0 ; R(Ja) = 0 ;
(3.49)
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and one can use these equations to express the spin connections in terms of the other elds.
In the spin-2 sector, one straightforwardly nds that R(P
a) = 0 and R(J
) = 0 lead to
! =
1
2
0

ab

@ae0
b   @0eab

+
1
2
ab (@a!

b   @b!a)

+
1
2
a
bc (@bea
c + @bec
a   @aebc) ;
B
a = 0
ab (@b!

0   @0!b ) +
1
2
b
ac
 
@(bej0jc)   @0e(bc)   @b!c + @c!b

: (3.50)
Note that all components of ! and B
a are now uniquely determined. This follows from
the fact that the system of equations R(P
a) = 0 and R(J
) = 0 contains as many
independent equations as there are independent components of ! and B
a.
In the spin-3 sector, one can use the equations
R(H
a) = 0 ; R(P
ab) = 0 ; R(J
a) = 0 ; (3.51)
to obtain expressions for the connections !
a and B
ab. Unlike for the spin-2 sector,
the system of equations (3.51) is overdetermined, i.e. the number of equations exceeds
the number of independent components of !
a and B
ab. One can choose some of the
equations of (3.51) to express !
a and B
ab in terms of 
a, e
ab, !
a and their derivatives.
The remaining equations can then be interpreted as geometrical constraints, once the
expressions for the spin connections are used. Dividing the system (3.51) into equations
that are solved for connections and equations that remain as constraints, can not be done
in a unique way. One convenient way is to use
R0b(H
a) = 0 ; R0b(P
aa) = 0 ; (3.52)
to solve for !
a and
R0b(J
a)  1
2
abR0c(J
c) = 0 ; Rbc(Ja) = 0 ; R0c(Pab)  1
2
abR0c(P
dd) = 0 ; (3.53)
to solve for B
ab, while the remaining equations can be interpreted as geometrical con-
straints. The solutions for the connections are then explicitly given by
!
a =
1
3
0
ab (@0eb
cc   @be0cc) + bac (@b0c   @0bc) ;
B
ab =
1
4
0
c(a

@0!c
b)   @c!0b)

  1
4
0
(ab) +
1
2
0
abc
c
+
1
4
c
d(a

@0ed
b)c   @de0b)c

  1
4
c
(a
c 
jdej

@0ed
b)e   @de0b)e

+
3
4
c
abcd (@0ed
ee   @de0ee)  1
2
c
abed (@0ed
ec   @de0ec)
  1
4
c
abde (@d!e
c   @e!dc)  1
6
c
c(ab)d (@0ed
ee   @de0ee) : (3.54)
3.2.2 Chern-Simons theory for hs3ebarg2
The Chern-Simons theory for hs3ebarg2, with structure constants given in table 5 and
invariant metric (3.45), can again be linearized using the linearization ansatz (3.47). The
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resulting linearized equations of motion are now given by
0 = R(H)  @   @ ;
0 = R(P
a)  @ea   @ea   ab0Bb + ab0Bb + abb!   abb! ;
0 = R(J)  @!   @! ;
0 = R(G
a)  @Ba   @Ba ;
0 = R(H
a)  @a   @a   ab0!b + ab0!b   2bBcabc + 2bBcabc ;
0 = R(P
ab)  @eab   @eab + 0c(aBb)c   0c(aBb)c ;
0 = R(J
a)  @!a   @!a ;
0 = R(G
ab)  @Bab   @Bab ;
0 = R(H
)  @   @ ;
0 = R(J
)  @!   @! + aBbab   aBbab ;
0 = R(P
ab)  @eab   @eab ;
0 = R(G
ab)  @Bab   @Bab + 0c(aeb)c   0c(aeb)c
  1
2
c(ac!
b) +
1
2
c(ac!
b) : (3.55)
One can now use the equations
R(P
a) = 0 ; R(J
) = 0 ; R(Ha) = 0 ; R(Pab) = 0 ; R(Gab) = 0 ; (3.56)
to express the connections !, B
a, !
a and B
ab in terms of the other elds. For the
spin-2 sector elds !, B
a, this is done by solving
R(P
a) = 0 ; R(J
) = 0 : (3.57)
These equations are the same as in the case of hs3ebarg1 and one nds the same solu-
tion (3.50). For the spin-3 sector, one has to solve the equations
R(H
a) = 0 ; R(P
ab) = 0 ; R(G
ab) = 0 : (3.58)
As in the hs3ebarg1 case, this is an overdetermined set of equations, that can be used to
obtain expressions for !
a and B
ab along with geometrical constraints. One convenient
way of doing this, is by using the equations
R0a(H
a) = 0 ; bcR0c(G
ba) = 0 ; Rcd(Gab) = 0 ; (3.59)
to solve for !
a. An expression for B
ab can be found as a solution of
R0b(H
a)  1
2
abR0c(H
c) = 0 ; Rbc(H
a) = 0 ; R0c(P
ab)  1
2
abR0c(P
dd) = 0 : (3.60)
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The connections !
a and B
ab are then given by
!
a =  2
3
0

bc (@0Bb
ca   @bB0ca) + 2ebab   eabb

+
1
2
b
cd

@cBd
ab   @dBcab

  1
2
b
ab (@0c
c   @c0c) ;
B
ab =
1
4
0
(ajcj

@0c
b)   @c0b)

+
1
4
0
cd

@cBd
ab   @dBcab

  1
4
0
abcd (@cBd
ee   @dBcee) + 1
4
c
d(a

@0ec
b)d   @ce0b)d

+
1
2
c
abde (@0ed
ce   @de0ce) + 1
4
c
abcd (@0ed
ee   @de0ee)
+
1
4
c
abde (@de
c   @edc) : (3.61)
4 Carroll gravity as example
In this section we address whether there are interesting innite extensions of the algebras
discussed above, in the same way that the global conformal algebra in two dimensions gets
extended to the Virasoro algebra by imposing Brown-Henneaux boundary conditions [76].
Rather than being as comprehensive as in the other sections we focus here on a specic
simple example. In fact, we drop the higher spin elds and consider spin-2 Carroll gravity,
dened by a Chern-Simons gauge theory with action (3.1) where the connection 1-form
A =  H + ea Pa + ! J +B
a Ga (4.1)
takes values in the spin-2 Carroll algebra (a = 1; 2), whose non-vanishing commutation
relations read
[J; Pa] = ab Pb ; (4.2a)
[J; Ga] = ab Gb ; (4.2b)
[Pa; Gb] =  ab H ; (4.2c)
where we use the convention 12 = +1 for the antisymmetric -symbol. The invariant
metric has the non-vanishing entries
hH; Ji =  1 hPa; Gbi = ab (4.3)
fully compatible with (3.3) in the absence of higher spin generators.
Our main goal is not just to nd some innite extension of the algebra (4.2) (this
always exists at least in the form of the loop algebra of the underlying gauge algebra, see
e.g. [84]; for AdS3 gravity such boundary conditions were investigated recently in [85]),
but rather to nd an extension that has a `nice' geometric interpretation along the lines of
the Brown-Henneaux boundary conditions. This means that we want to achieve a suitable
Drinfeld-Sokolov type of reduction where not all algebraic components of the connection
are allowed to uctuate. The words `nice' and `suitable' here mean that, in particular, we
want that the appropriate Carroll background geometry as part of our spectrum of physical
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states is allowed by our boundary conditions, and that all additional states are uctuations
around this background. First, we recall some basic aspects of Carroll geometry.
The Carroll-zweibein for the at background geometry in some Feerman-Graham like
coordinates should take the form
e1' =  e
2
 = 1 e
1
 = e
2
' = 0 (4.4)
so that the corresponding two-dimensional line-element reads
ds2(2) = e
aebab = 
2 d'2 + d2 : (4.5)
We shall refer to  as `radial coordinate' and to ' as `angular coordinate', assuming ' 
'+ 2. Moreover, on the background the time-component should be xed as
 = dt : (4.6)
Below we shall allow subleading (in ) uctuations in the two-dimensional line-element (4.5)
and leading uctuations in the time-component (4.6).
We proceed now by stating the result for the boundary conditions that dene our
example of Carroll gravity and discuss afterwards the rationale behind our choices as well
as the consistency of the boundary conditions by proving the niteness, integrability, non-
triviality and conservation of the canonical boundary charges. We follow the general recipe
reviewed e.g. in [57, 86]. First, we bring the connection (4.1) into a convenient gauge (see
for instance [87])
A = b 1()
 
d+ a(t; ')

b() (4.7)
where the group element
b() = eP2 (4.8)
is xed as part of the specication of our boundary conditions, b = 0. The boundary
connection a does not depend on the radial coordinate  and is given by
a' =  J + h(t; ') H + pa(t; ') Pa + ga(t; ') Ga ; (4.9a)
at = (t; ') H ; (4.9b)
where  is arbitrary but xed,  = 0, while all other functions are arbitrary and can vary.
This means that the allowed variations of the boundary connection are given by
a = a' d' =
 
h H + pa Pa + ga Ga

d' : (4.10)
The full connection in terms of the boundary connection is then given by
A = a+ P2 d+  [a; P2] (4.11)
and acquires its non-trivial radial dependence through the last term,  [a; P2] =  (P1  
g1(t; ') H) d'. Only the '-component of the connection is then allowed to vary.
A = a+  [a; P2] =
 
h H + pa Pa + ga Ga    g1 H

d' (4.12)
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The above boundary conditions lead to Carroll-geometries of the form
ds2(2) =
 
+ p1(t; ')
2
+ p2(t; ')
2

d'2 + 2p2(t; ') d' d+ d
2 (4.13)
and
 = (t; ') dt+
 
h(t; ')   g1(t; ')

d' : (4.14)
Thus, we see that to leading order in  the background line-element (4.5) is recovered
from (4.13), plus subleading (state-dependent) uctuations captured by the functions
pa(t; '). As we shall see in the next paragraph the functions pa and ga are t-independent
on-shell. In the metric-formulation our boundary conditions can be phrased as
ds2(2) =
 
2 +O() d'2 +O(1) d d'+ d2 (4.15)
and
 = (t; ') dt+O() d' : (4.16)
Note that while the asymptotic form of the two-dimensional line-element (4.15) may have
been guessed easily, the specic form of the time-component (4.16) is much harder to guess,
particularly the existence of a `shift'-component proportional to d' that grows linearly in .
Fortunately, the Chern-Simons formulation together with the gauge choice (4.7) minimizes
the amount of guesswork needed to come up with meaningful boundary conditions.
We consider now the impact of the equations of motion on the free functions in the
boundary connection (4.9). Gauge-atness F = 0 implies
@ta'   @'at + [at; a'] = @ta'   @'at = 0 : (4.17)
As a consequence, we get the on-shell conditions (which also could be called `holographic
Ward identities')
@tpa = @tga = 0 @th = @' : (4.18)
Thus, most of the functions in the boundary connection (4.9) are time-independent, with
the possible exception of h and .
The boundary-condition preserving transformations, ^A = d^ + [A; ^] = O(A),
generated by ^ = b 1b have to obey the relations
at = @t+ [at; ] = @t = 0 ; (4.19a)
a' = @t+ [a'; ] = O(a') ; (4.19b)
where O(a') denotes all the allowed variations displayed in (4.10). It is useful to decom-
pose  with respect to the algebra (4.1).
 = H H + Pa Pa + 
J J + Ga Ga : (4.20)
The rst line in (4.19) establishes the time-independence of , while the second line yields
the consistency condition
@'
J = 0 (4.21)
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as well as the transformations rules
h = @'
H    p1G2   p2G1 + g1P2   g2P1 ; (4.22a)
pa = @'
Pa   ab
 
Pb   pbJ

; (4.22b)
ga = @'
Ga   ab
 
Gb   gbJ

: (4.22c)
Applying the Regge-Teitelboim approach [88] to Chern-Simons theories yields the fol-
lowing background-independent result for the variation of the canonical boundary charges
Q[] =
k
2
I
h^ Ai = k
2
I
h a'i d' (4.23)
which in our case expands to
Q[] =
k
2
I    Jh+ Paga + Gapa d' : (4.24)
The canonical boundary charges are manifestly nite since the -dependence drops out
in (4.23); they are also integrable in eld-space since our  is state-independent.
Q[] =
k
2
I    Jh+ Paga + Gapa d' : (4.25)
The result (4.25) clearly is non-trivial in general. To conclude the proof that we have
meaningful boundary conditions we nally check conservation in time, using the on-shell
relations (4.18) as well as the time-independence of , see (4.19a):
@tQ[]

EOM
=   k
2
I
J@th d' =   k
2
I
J@' d' =
k
2
I
@'
J d' : (4.26)
By virtue of (4.21) we see that the last integrand vanishes and thus we have established
charge conservation on-shell:
@tQ[]

EOM
= 0 : (4.27)
Since our canonical boundary charges (4.25) are nite, integrable in eld space, non-trivial
and conserved in time the boundary conditions (4.7){(4.12) are consistent and lead to a
non-trivial theory. For later purposes, it is useful to note that due to the constancy of
J only the zero mode charge associated with the function h can be non-trivial. This
means that we can gauge-x our connection using proper gauge transformations such that
h = const:
We now introduce Fourier modes in order to be able to present the asymptotic sym-
metry algebra in a convenient form.11
Pan :=
1
2
I
d' ein'ga(t; ')

EOM
; (4.28a)
Gan :=
1
2
I
d' ein'pa(t; ')

EOM
; (4.28b)
J :=   1
2
I
d'h(t; ')

EOM
: (4.28c)
11There is no meaning to the index positions in this section. The only reason why we write Pan and G
a
n
instead of corresponding quantities with lower indices is that our current convention is easier to read.
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A few explanations are in order. Due to our o-diagonal bilinear form (4.3) we associate
the nth Fourier mode of the functions ga (pa) with the generator P
a
n (G
a
n). For the same
reason we associate J with minus the zero mode of h. Finally, the subscript `EOM' means
that all integrals are evaluated on-shell, in which case all t-dependence drops out (and in
the last integral also all '-dependence).
We make a similar Fourier decomposition of the gauge parameters i, where i refers
to the generators Pa, Ga and J; the parameter 
H is not needed since it does not appear in
the canonical boundary charges (4.25), so all gauge transformations associated with it are
proper ones and can be used to make h constant.
Pan :=
1
2
I
d' ein'Pa(') ; (4.29a)
Gan :=
1
2
I
d' ein'Ga(') : (4.29b)
Note that we have used (4.19) to eliminate all time-dependence and that J is a constant
according to (4.21) thus requiring no Fourier decomposition.
The variations (4.22) of the state-dependent functions then establish corresponding
variations in terms of the Fourier components (4.28), (4.29).
Pan =  inGan   abGbn + abJPbn ; (4.30a)
Gan =  inPan   abPbn + abJGbn ; (4.30b)
J =
X
n2Z
ab

Gan
Gb n + P
a
n
Pb n

: (4.30c)
From the variations (4.30) we can read o the asymptotic symmetry algebra, using the
fact that the canonical generators generate gauge transformations via the Dirac bracket
1Q[2] = fQ[1]; Q[2]g.
Converting Dirac brackets into commutators then establishes the asymptotic symmetry
algebra as the commutator algebra of the innite set of generators Pan, G
a
n and J. The central
element of this algebra will be associated with (minus) H, concurrent with the notation
of (4.2). Evaluating (4.30) yields12
[J; Pan] = ab P
b
n ; (4.31a)
[J; Gan] = ab G
b
n ; (4.31b)
[Pan; G
b
m] =  
 
ab + inab

H n+m; 0 ; (4.31c)
where all commutators not displayed vanish. We have thus succeeded in providing an
innite lift of the Carroll algebra (4.2), which is contained as a subalgebra of our asymptotic
symmetry algebra (4.31) by restricting to the zero-mode generators Pa = P
a
0, Ga = G
a
0 in
addition to J and H. As a simple consistency check one may verify that the Jacobi identities
indeed hold. The only non-trivial one to be checked is the identity [[J; Pan]; G
b
m] + cycl. = 0.
12Note that our denitions of Fourier-components (4.28), (4.29) require that we associate the negative
Fourier components of the  with the positive Fourier components of the generators so that, for instance,
[Pbn; J] = Pb n
J.
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We conclude this section with a couple of remarks. The boundary conditions (4.7){(4.9)
by no means are unique and can be either generalized or specialized to looser or stricter
ones, respectively. In particular, we have switched o nearly all `chemical potentials' in our
specication of the time-component of the connection (4.9b), and it could be of interest
to allow arbitrary chemical potentials. Apart from this issue there is only one substantial
generalization of our boundary conditions, namely to allow for a state-dependent function
in front of the generator J in the angular component of the connection (4.9a). As mentioned
in the opening paragraph of this section, in that case the expected asymptotic symmetry
algebra is the loop algebra of the Carroll algebra (4.2). In principle, it is possible to make
our boundary conditions stricter, but that would potentially eliminate interesting physical
states like some of the Carroll geometries (4.13), (4.14).13 Thus, while our choice (4.7){
(4.9) is not unique it may provide the most interesting set of boundary conditions for
spin-2 Carroll gravity. Using the same techniques it should be straightforward to extend
the discussion of this section to higher spin Carroll gravity and related theories discussed
in this paper.
5 Discussion
In this paper, we have extended the work of Bacry and Levy-Leblond [1] by classifying
all possible kinematical algebras of three-dimensional theories of a spin-3 eld coupled
to gravity, that can be obtained via (sequential) Inonu-Wigner contraction procedures of
the algebras of spin-3 gravity in (A)dS. This classication can be found in section 2 and
the resulting possible kinematical algebras, along with their origin via contraction, are
summarized in gure 2. We have summarized the commutation relations of the algebras
in tables 6{13. The algebras of tables 9 and 10 are suitable generalizations of the Carroll
and Galilei algebras, that correspond to the ultra-relativistic and non-relativistic limits
of the Poincare algebra. These algebras have been used in section 3 as a starting point
to construct higher spin generalizations of ultra-relativistic and non-relativistic gravity
theories. We have argued that one can easily construct a Chern-Simons action for the spin-3
Carroll algebras, that leads to a spin-3 generalization of Carroll gravity. We have moreover
shown that Chern-Simons actions can be written down for suitable extensions of the spin-3
Galilei algebras, that lead to spin-3 generalizations of Extended Bargmann gravity. The
algebras constructed in this paper are nite-dimensional. We have shown in section 4 that
the three-dimensional Carroll algebra admits an innite-dimensional extension, that is the
asymptotic symmetry algebra of Carroll gravity with suitable boundary conditions. This
can be taken as a hint that similar results hold for the non- and ultra-relativistic algebras
constructed in this paper, as well as for the spin-2 algebras whose innite-dimensional
extensions have not been addressed in the literature yet.
There are several questions that are worthwhile for future study. The non- and ultra-
relativistic spin-3 gravity theories constructed here, are given in the Chern-Simons (i.e. rst
13Perhaps the most interesting specialization of our boundary conditions would be one where the two-
dimensional line-element (4.13) is unaltered but the time-component (4.14) is more restricted, e.g. by
requiring that no shift term proportional to d' is generated.
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order `zuvielbein') formulation. It is interesting to see whether a metric-like formulation
can be constructed and whether the linearized eld equations can be rewritten as Fronsdal-
like equations. The results for the linearized spin connections given in section 3 should be
useful in this regard.
In this paper, we have restricted ourselves to spin-3 theories, by considering algebras
that are obtained via (sequential) Inonu-Wigner contraction procedures of sl(3;R)sl(3;R)
or sl(3;C). This analysis can be extended to theories with elds up to spin N , by consid-
ering contraction procedures of sl(N;R)  sl(N;R) or sl(N;C) [89]. One can then study
the non- and ultra-relativistic gravity theories that arise in this way and in particular in-
vestigate the types of boundary conditions that lead to interesting asymptotic symmetry
algebras. It would be particularly interesting to see whether it is possible to construct non-
and ultra-relativistic versions of non-linear W -algebras.
Another research direction concerns the inclusion of fermionic elds with spins higher
than or equal to 3/2. This will require a classication of contraction procedures of Lie
superalgebras and can lead to higher spin generalizations of three-dimensional Extended
Bargmann supergravity [74].
Some of the results presented in this paper are also useful for studies of Horava-
Lifshitz gravity, that has been proposed as a new framework for Lifshitz holography [12,
13, 90{95]. Extended Bargmann gravity has been argued to correspond to a special case
of Horava-Lifshitz gravity [13]. In this paper, we have constructed spin-3 generalizations
of Extended Bargmann gravity. It is conceivable that these can be interpreted as suitable
spin-3 generalizations of Horava-Lifshitz gravity. It would be interesting to check whether
this is indeed the case and whether the construction presented here can be generalized to
yield spin-3 generalizations of generic Horava-Lifshitz gravity theories.
Finally, higher spin theory has recently been argued to describe some of the excitations
in fractional quantum Hall liquids [96]. Newton-Cartan geometry and gravity, that are
based on extensions of the Galilei algebra, have been very useful in constructing eective
actions that can capture transport properties in studies of the fractional quantum Hall
eect. It would be interesting to investigate whether the non-relativistic higher spin gravity
theories that can be constructed using the results of this paper, can play a similar role.
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A Conventions
In this paper, we adopt the convention that the symmetrization of a pair of indices a,
b are denoted with parentheses (ab), while anti-symmetrization is denoted with square
brackets [ab]. Symmetrization and anti-symmetrization is performed without normalization
factor, i.e.,
T(ab) = Tab + Tba T[ab] = Tab   Tba : (A.1)
Nested (anti-)symmetrizations are understood to be taken from the outermost ones to the
innermost ones, e.g.
T(a(bc)d) = Ta(bc)d + Td(bc)a = Tabcd + Tacbd + Tdbca + Tdcba : (A.2)
Vertical bars denote that the (anti-)symmetrization does not aect the enclosed in-
dices, e.g.,
T[ajbcjd] = Tabcd   Tdbca : (A.3)
With our conventions this means that T(aj(bc)jd) = T(a(bc)d).
Upper case Latin indices denote space-time indices, while lower case ones denote spatial
indices:
A;B;C;M; : : : = 0; 1; 2 ; a; b; c;m; : : : = 1; 2 : (A.4)
We take the following conventions for the metric
AB = diag( ;+;+) ab = ab = diag(+;+) : (A.5)
For the Levi-Civita symbol, we adopt the following convention:
012 = 12 = 1 ; 0ab = ab ; 
ab = ab : (A.6)
The Lie algebraic direct sum of the Lie algebras a and b is denoted by a b, i.e. a and
b are ideals. The direct sum as vectorspaces is denoted by a+b, i.e. they do not necessarily
commute with each other.
B Proof of theorem 1
In order to obtain contraction procedures of hs3AdS3 and hs3dS3 that reduce to those
of table 1 when restricted to the spin-2 part, we start from the subalgebras h of table 1.
For each of these four contraction procedures, one needs to add spin-3 generators to the
subalgebra h, since otherwise one is led to contractions with an abelian spin-3 part. From
table 1 one sees that the subalgebra h always contains the generator J. The spin-3 gener-
ators that one adds to h therefore need to fall into irreducible representations of J, under
the adjoint action, in order to make sure that the enlarged h is a subalgebra. The spin-3
generators fall into the following irreducible representations of J:
fJag ; fHag ; fG12; G22   G11g ; fG11 + G22g ; fP12; P22   P11g ; fP11 + P22g : (B.1)
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The proof then proceeds by checking, for each of the subalgebras h of table 1, which of these
irreducible representations can be added to h, such that the enlarged h forms a subalgebra
that leads to a contraction with a non-abelian spin-3 part. Below we discuss the dierent
contraction procedures.
 Space-time contraction procedures: in this case we add irreducible representa-
tions (B.1) to fJ; Gag.
{ Adding Ja, one nds from the commutator [Ga; Jb] that one needs to add all Gab
(i.e. both irreducible representations fG12; G22   G11g and fG11 + G22g) in order
to obtain a subalgebra. One thus nds the subalgebra h = fJ; Ga; Ja; Gabg.
{ Adding instead fG12; G22   G11g, one nds from the commutator of these two
generators with Ga that one also needs to add Ja to obtain a subalgebra. From
the commutator [Ga; Jb], one then nds that one also needs to add all Gab. One
thus again nds the subalgebra h = fJ; Ga; Ja; Gabg.
{ Similarly, if one adds fG11 + G22g to fJ; Gag, one is again led to the subalgebra
h = fJ; Ga; Ja; Gabg.
{ It is not possible to add other spin-3 generators to fJ; Ga; Ja; Gabg, without ending
up with a trivial contraction. Indeed, adding either fHag, fP12; P22   P11g or
fP11 + P22g, one nds that requiring that one ends up with a subalgebra leads
to a trivial contraction procedure.
Adding either fJag, fG12; G22   G11g or fG11 + G22g, one thus only nds a non-trivial
contraction procedure based on the subalgebra h = fJ; Ga; Ja; Gabg. The only other
possibility for a space-time contraction procedure is thus obtained by adding fHag,
fP12; P22   P11g or fP11 + P22g to fJ; Gag. Repeating the above reasoning with the
replacement Ja $ Ha and Gab $ Pab, one sees that the only non-trivial space-time
contraction procedure based on this choice is given by the subalgebra fJ; Ga; Ha; Pabg.
We thus nd that the only non-trivial space-time contraction procedures are the ones
based on the subalgebras fJ; Ga; Ja; Gabg and fJ; Ga; Ha; Pabg.
 Speed-time contraction procedures: in this case we add irreducible representa-
tions (B.1) to fJ; Pag. We can apply the same reasoning as for the space-time contrac-
tion procedures to nd that the only non-trivial speed-time contraction procedures
are the ones based on the subalgebras fJ; Pa; Ja; Pabg and fJ; Pa; Ha; Gabg.
 Speed-space contraction procedures: in this case we add irreducible representa-
tions (B.1) to fJ; Hg.
{ Adding Ja, one nds from the commutator [H; Ja] that one also needs to add
Ha to obtain a subalgebra. Similarly, adding instead Ha, one nds from the
commutator [H; Ha] that one needs to add Ja to obtain a subalgebra. Adding
either Ja or Ha thus leads to a subalgebra fJ; H; Ja; Hag. This subalgebra is
maximal in the sense that adding any other spin-3 generators leads to a trivial
contraction procedure.
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{ Adding instead only G11 + G22 or P11 + P22 leads to a contraction with abelian
spin-3 part, so this is excluded.
{ Adding fG12; G22   G11g, one nds from their commutators with H that one also
needs to add fP12; P22 P11g. Similarly, adding fP12; P22 P11g, one nds that one
also needs to add fG12; G22 G11g. One thus nds a contraction procedure based
on the subalgebra fJ; H; G12; G22   G11; P12; P22   P11g. This subalgebra is not
maximal as both G11 + G22 and P11 + P22 commute with it. One can thus obtain
other contraction procedures based on the subalgebras fJ; H; Gab; P12; P22  P11g,
fJ; H; G12; G22   G11; Pabg and fJ; H; Gab; Pabg.
One can check that the above possibilities exhaust all possibilities for non-trivial
speed-space contraction procedures. So, one nds that the only non-trivial
speed-space contraction procedures are based on the subalgebras fJ; H; Ja; Hag,
fJ; H; G12; G22   G11; P12; P22   P11g, fJ; H; Gab; P12; P22   P11g, fJ; H; G12; G22   G11; Pabg
and fJ; H; Gab; Pabg.
 General contraction procedures: in this case we add irreducible representations (B.1)
to fJg.
{ Adding Ja leads to a subalgebra fJ; Jag that obeys all requirements.
{ Adding Ha similarly leads to a subalgebra fJ; Hag that satises all requirements.
{ Since [Ja; Hb] generates H, adding Ja and Ha simultaneously brings one back to
the case of the speed-space contraction procedures that was already discussed
above.
{ Adding extra spin-3 generators to either fJ; Jag or fJ; Hag leads only to trivial
contractions.
{ Adding only G11 + G22 or P11 + P22 to fJg leads to a contraction with abelian
spin-3 part, so this is excluded.
{ Adding fG12; G22   G11g or fP12; P22   P11g to fJg leads to valid subalgebras.
Adding them simultaneously, one nds that their commutator generates H, bring-
ing us back to the speed-space contractions already discussed above. Restricting
oneself to general contractions, one thus nds two subalgebras fJ; G12; G22 G11g
and fJ; P12; P22   P11g. These are not maximal as both G11 + G22 and P11 + P22
commute with them. One can thus obtain other contraction procedures based on
the subalgebras fJ; Gabg, fJ; Pabg, fJ; G12; G22 G11g, fJ; G12; G22 G11; P11+P22g,
fJ; P12; P22   P11g and fJ; P12; P22   P11; G11 + G22g.
The above reasoning exhausts all possible general contraction procedures, that are
thus based on subalgebras fJ; Jag, fJ; Hag, fJ; Gabg, fJ; Pabg, fJ; G12; G22   G11g,
fJ; G12; G22   G11; P11 + P22g, fJ; P12; P22   P11g and fJ; P12; P22   P11; G11 + G22g.
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C Explicit commutation relations of the democratic spin-3 algebras
This appendix contains tables with all the commutation relations of the spin-3 algebras
that can be obtained via sequential application of the `democratic' IW contraction proce-
dures. We start each table with the spin-2 commutation relations, then proceed with the
mixed spin commutation relations and conclude with the spin-3 commutation relations.
The table caption contains information about what type of higher spin version we are
dealing with (e.g. higher spin version of Poincare, Galilei or Carroll). Under the heading
`Contraction #', we have indicated one possibility of obtaining the corresponding algebra
as a sequential application of IW contraction procedures. The numbers in this heading
refer to the contraction procedures of table 3.
For layout reasons the tables start on the next page.
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hs3(A)dS( )+ hs3poi1 hs3poi2
Contraction # 1 2
[ J ; Ga ] amGm amGm amGm
[ J ; H ] 0 0 0
[ J ; Pa ] amPm amPm amPm
[ Ga ; Gb ]  abJ  abJ  abJ
[ Ga ; H ]  amPm  amPm  amPm
[ Ga ; Pb ]  abH  abH  abH
[ H ; Pa ] amGm 0 0
[ Pa ; Pb ] abJ 0 0
[ J ; Ja ] amJm amJm amJm
[ J ; Gab ]  m(aGb)m  m(aGb)m  m(aGb)m
[ J ; Ha ] amHm amHm amHm
[ J ; Pab ]  m(aPb)m  m(aPb)m  m(aPb)m
[ Ga ; Jb ]  (amGbm + abGmm)  (amGbm + abGmm)  (amGbm + abGmm)
[ Ga ; Gbc ]  a(bJc)  a(bJc)  a(bJc)
[ Ga ; Hb ]  (amPbm + abPmm)  (amPbm + abPmm)  (amPbm + abPmm)
[ Ga ; Pbc ]  a(bHc)  a(bHc)  a(bHc)
[ H ; Ja ] amHm amHm 0
[ H ; Gab ]  m(aPb)m  m(aPb)m 0
[ H ; Ha ] amJm 0 amJm
[ H ; Pab ] m(aGb)m 0 m(aGb)m
[ Pa ; Jb ]  (amPbm + abPmm)  (amPbm + abPmm) 0
[ Pa ; Gbc ]  a(bHc)  a(bHc) 0
[ Pa ; Hb ] (amGbm + abGmm) 0 (amGbm + abGmm)
[ Pa ; Pbc ] a(bJc) 0 a(bJc)
[ Ja ; Jb ] abJ abJ 0
[ Ja ; Gbc ] a(bc)mGm a(bc)mGm 0
[ Ja ; Hb ] abH abH abH
[ Ja ; Pbc ] a(bc)mPm a(bc)mPm a(bc)mPm
[ Gab ; Gcd ] (a(cd)b)J (a(cd)b)J 0
[ Gab ; Hc ]  c(ab)mPm  c(ab)mPm  c(ab)mPm
[ Gab ; Pcd ] (a(cd)b)H (a(cd)b)H (a(cd)b)H
[ Ha ; Hb ] abJ 0 abJ
[ Ha ; Pbc ] a(bc)mGm 0 a(bc)mGm
[ Pab ; Pcd ] (a(cd)b)J 0 (a(cd)b)J
Table 6. Higher spin versions of the (A)dS and Poincare algebra. The upper sign is for AdS (and
contractions thereof) and the lower sign for dS (and contractions thereof).
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hs3nh1 hs3nh2
Contraction # 3 4
[ J ; Ga ] amGm amGm
[ J ; H ] 0 0
[ J ; Pa ] amPm amPm
[ Ga ; Gb ] 0 0
[ Ga ; H ]  amPm  amPm
[ Ga ; Pb ] 0 0
[ H ; Pa ] amGm amGm
[ Pa ; Pb ] 0 0
[ J ; Ja ] amJm amJm
[ J ; Gab ]  m(aGb)m  m(aGb)m
[ J ; Ha ] amHm amHm
[ J ; Pab ]  m(aPb)m  m(aPb)m
[ Ga ; Jb ]  (amGbm + abGmm) 0
[ Ga ; Gbc ] 0  a(bJc)
[ Ga ; Hb ]  (amPbm + abPmm) 0
[ Ga ; Pbc ] 0  a(bHc)
[ H ; Ja ] amHm amHm
[ H ; Gab ]  m(aPb)m  m(aPb)m
[ H ; Ha ] amJm amJm
[ H ; Pab ] m(aGb)m m(aGb)m
[ Pa ; Jb ]  (amPbm + abPmm) 0
[ Pa ; Gbc ] 0  a(bHc)
[ Pa ; Hb ] (amGbm + abGmm) 0
[ Pa ; Pbc ] 0 a(bJc)
[ Ja ; Jb ] abJ 0
[ Ja ; Gbc ] a(bc)mGm a(bc)mGm
[ Ja ; Hb ] abH 0
[ Ja ; Pbc ] a(bc)mPm a(bc)mPm
[ Gab ; Gcd ] 0 (a(cd)b)J
[ Gab ; Hc ]  c(ab)mPm  c(ab)mPm
[ Gab ; Pcd ] 0 (a(cd)b)H
[ Ha ; Hb ] abJ 0
[ Ha ; Pbc ] a(bc)mGm a(bc)mGm
[ Pab ; Pcd ] 0 (a(cd)b)J
Table 7. Higher spin versions of the Newton-Hooke algebra. The upper sign is for contractions of
AdS and the lower sign for contractions of dS.
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hs3ppoi1 hs3ppoi2
Contraction # 5 6
[ J ; Ga ] amGm amGm
[ J ; H ] 0 0
[ J ; Pa ] amPm amPm
[ Ga ; Gb ] 0 0
[ Ga ; H ] 0 0
[ Ga ; Pb ]  abH  abH
[ H ; Pa ] amGm amGm
[ Pa ; Pb ] abJ abJ
[ J ; Ja ] amJm amJm
[ J ; Gab ]  m(aGb)m  m(aGb)m
[ J ; Ha ] amHm amHm
[ J ; Pab ]  m(aPb)m  m(aPb)m
[ Ga ; Jb ]  (amGbm + abGmm) 0
[ Ga ; Gbc ] 0  a(bJc)
[ Ga ; Hb ] 0  (amPbm + abPmm)
[ Ga ; Pbc ]  a(bHc) 0
[ H ; Ja ] amHm 0
[ H ; Gab ] 0  m(aPb)m
[ H ; Ha ] 0 amJm
[ H ; Pab ] m(aGb)m 0
[ Pa ; Jb ]  (amPbm + abPmm)  (amPbm + abPmm)
[ Pa ; Gbc ]  a(bHc)  a(bHc)
[ Pa ; Hb ] (amGbm + abGmm) (amGbm + abGmm)
[ Pa ; Pbc ] a(bJc) a(bJc)
[ Ja ; Jb ] abJ 0
[ Ja ; Gbc ] a(bc)mGm a(bc)mGm
[ Ja ; Hb ] abH abH
[ Ja ; Pbc ] a(bc)mPm 0
[ Gab ; Gcd ] 0 (a(cd)b)J
[ Gab ; Hc ] 0  c(ab)mPm
[ Gab ; Pcd ] (a(cd)b)H (a(cd)b)H
[ Ha ; Hb ] 0 abJ
[ Ha ; Pbc ] a(bc)mGm a(bc)mGm
[ Pab ; Pcd ] (a(cd)b)J 0
Table 8. Higher spin versions of Para-Poincare algebra. The upper sign is for contractions of AdS
and the lower sign for contractions of dS.
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hs3car1 hs3car2 hs3car3 hs3car4
Contraction # 1; 5 1; 6 5; 2 6; 2
[ J ; Ga ] amGm amGm amGm amGm
[ J ; H ] 0 0 0 0
[ J ; Pa ] amPm amPm amPm amPm
[ Ga ; Gb ] 0 0 0 0
[ Ga ; H ] 0 0 0 0
[ Ga ; Pb ]  abH  abH  abH  abH
[ H ; Pa ] 0 0 0 0
[ Pa ; Pb ] 0 0 0 0
[ J ; Ja ] amJm amJm amJm amJm
[ J ; Gab ]  m(aGb)m  m(aGb)m  m(aGb)m  m(aGb)m
[ J ; Ha ] amHm amHm amHm amHm
[ J ; Pab ]  m(aPb)m  m(aPb)m  m(aPb)m  m(aPb)m
[ Ga ; Jb ]  (amGbm + abGmm) 0  (amGbm + abGmm) 0
[ Ga ; Gbc ] 0  a(bJc) 0  a(bJc)
[ Ga ; Hb ] 0  (amPbm + abPmm) 0  (amPbm + abPmm)
[ Ga ; Pbc ]  a(bHc) 0  a(bHc) 0
[ H ; Ja ] amHm 0 0 0
[ H ; Gab ] 0  m(aPb)m 0 0
[ H ; Ha ] 0 0 0 amJm
[ H ; Pab ] 0 0 m(aGb)m 0
[ Pa ; Jb ]  (amPbm + abPmm)  (amPbm + abPmm) 0 0
[ Pa ; Gbc ]  a(bHc)  a(bHc) 0 0
[ Pa ; Hb ] 0 0 (amGbm + abGmm) (amGbm + abGmm)
[ Pa ; Pbc ] 0 0 a(bJc) a(bJc)
[ Ja ; Jb ] abJ 0 0 0
[ Ja ; Gbc ] a(bc)mGm a(bc)mGm 0 0
[ Ja ; Hb ] abH abH abH abH
[ Ja ; Pbc ] a(bc)mPm 0 a(bc)mPm 0
[ Gab ; Gcd ] 0 (a(cd)b)J 0 0
[ Gab ; Hc ] 0  c(ab)mPm 0  c(ab)mPm
[ Gab ; Pcd ] (a(cd)b)H (a(cd)b)H (a(cd)b)H (a(cd)b)H
[ Ha ; Hb ] 0 0 0 abJ
[ Ha ; Pbc ] 0 0 a(bc)mGm a(bc)mGm
[ Pab ; Pcd ] 0 0 (a(cd)b)J 0
Table 9. Higher spin versions of the Carroll algebra. The upper sign is for contractions of AdS
and the lower sign for contractions of dS.
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1
4
hs3gal1 hs3gal2 hs3gal3 hs3gal4
Contraction # 1; 3 1; 4 3; 2 4; 2
[ J ; Ga ] amGm amGm amGm amGm
[ J ; H ] 0 0 0 0
[ J ; Pa ] amPm amPm amPm amPm
[ Ga ; Gb ] 0 0 0 0
[ Ga ; H ]  amPm  amPm  amPm  amPm
[ Ga ; Pb ] 0 0 0 0
[ H ; Pa ] 0 0 0 0
[ Pa ; Pb ] 0 0 0 0
[ J ; Ja ] amJm amJm amJm amJm
[ J ; Gab ]  m(aGb)m  m(aGb)m  m(aGb)m  m(aGb)m
[ J ; Ha ] amHm amHm amHm amHm
[ J ; Pab ]  m(aPb)m  m(aPb)m  m(aPb)m  m(aPb)m
[ Ga ; Jb ]  (amGbm + abGmm) 0  (amGbm + abGmm) 0
[ Ga ; Gbc ] 0  a(bJc) 0  a(bJc)
[ Ga ; Hb ]  (amPbm + abPmm) 0  (amPbm + abPmm) 0
[ Ga ; Pbc ] 0  a(bHc) 0  a(bHc)
[ H ; Ja ] amHm amHm 0 0
[ H ; Gab ]  m(aPb)m  m(aPb)m 0 0
[ H ; Ha ] 0 0 amJm amJm
[ H ; Pab ] 0 0 m(aGb)m m(aGb)m
[ Pa ; Jb ]  (amPbm + abPmm) 0 0 0
[ Pa ; Gbc ] 0  a(bHc) 0 0
[ Pa ; Hb ] 0 0 (amGbm + abGmm) 0
[ Pa ; Pbc ] 0 0 0 a(bJc)
[ Ja ; Jb ] abJ 0 0 0
[ Ja ; Gbc ] a(bc)mGm a(bc)mGm 0 0
[ Ja ; Hb ] abH 0 abH 0
[ Ja ; Pbc ] a(bc)mPm a(bc)mPm a(bc)mPm a(bc)mPm
[ Gab ; Gcd ] 0 (a(cd)b)J 0 0
[ Gab ; Hc ]  c(ab)mPm  c(ab)mPm  c(ab)mPm  c(ab)mPm
[ Gab ; Pcd ] 0 (a(cd)b)H 0 (a(cd)b)H
[ Ha ; Hb ] 0 0 abJ 0
[ Ha ; Pbc ] 0 0 a(bc)mGm a(bc)mGm
[ Pab ; Pcd ] 0 0 0 (a(cd)b)J
Table 10. Higher spin versions of the Galilei algebra. The upper sign is for contractions of AdS
and the lower sign for contractions of dS.
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hs3pgal1 hs3pgal2 hs3pgal3 hs3pgal4
Contraction # 3; 5 3; 6 4; 5 4; 6
[ J ; Ga ] amGm amGm amGm amGm
[ J ; H ] 0 0 0 0
[ J ; Pa ] amPm amPm amPm amPm
[ Ga ; Gb ] 0 0 0 0
[ Ga ; H ] 0 0 0 0
[ Ga ; Pb ] 0 0 0 0
[ H ; Pa ] amGm amGm amGm amGm
[ Pa ; Pb ] 0 0 0 0
[ J ; Ja ] amJm amJm amJm amJm
[ J ; Gab ]  m(aGb)m  m(aGb)m  m(aGb)m  m(aGb)m
[ J ; Ha ] amHm amHm amHm amHm
[ J ; Pab ]  m(aPb)m  m(aPb)m  m(aPb)m  m(aPb)m
[ Ga ; Jb ]  (amGbm + abGmm) 0 0 0
[ Ga ; Gbc ] 0 0 0  a(bJc)
[ Ga ; Hb ] 0  (amPbm + abPmm) 0 0
[ Ga ; Pbc ] 0 0  a(bHc) 0
[ H ; Ja ] amHm 0 amHm 0
[ H ; Gab ] 0  m(aPb)m 0  m(aPb)m
[ H ; Ha ] 0 amJm 0 amJm
[ H ; Pab ] m(aGb)m 0 m(aGb)m 0
[ Pa ; Jb ]  (amPbm + abPmm)  (amPbm + abPmm) 0 0
[ Pa ; Gbc ] 0 0  a(bHc)  a(bHc)
[ Pa ; Hb ] (amGbm + abGmm) (amGbm + abGmm) 0 0
[ Pa ; Pbc ] 0 0 a(bJc) a(bJc)
[ Ja ; Jb ] abJ 0 0 0
[ Ja ; Gbc ] a(bc)mGm a(bc)mGm a(bc)mGm a(bc)mGm
[ Ja ; Hb ] abH abH 0 0
[ Ja ; Pbc ] a(bc)mPm 0 a(bc)mPm 0
[ Gab ; Gcd ] 0 0 0 (a(cd)b)J
[ Gab ; Hc ] 0  c(ab)mPm 0  c(ab)mPm
[ Gab ; Pcd ] 0 0 (a(cd)b)H (a(cd)b)H
[ Ha ; Hb ] 0 abJ 0 0
[ Ha ; Pbc ] a(bc)mGm a(bc)mGm a(bc)mGm a(bc)mGm
[ Pab ; Pcd ] 0 0 (a(cd)b)J 0
Table 11. Higher spin versions of the Para-Galilei algebra. The upper sign is for contractions of
AdS and the lower sign for contractions of dS.
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4
hs3st1 hs3st2 hs3st3 hs3st4
Contraction # 1; 3; 5 = 7 1; 4; 6 = 8 2; 3; 6 = 9 2; 4; 5 = 10
[ J ; Ga ] amGm amGm amGm amGm
[ J ; H ] 0 0 0 0
[ J ; Pa ] 0 0 0 0
[ Ga ; Gb ] 0 0 0 0
[ Ga ; H ] 0 0 0 0
[ Ga ; Pb ] 0 0 0 0
[ H ; Pa ] 0 0 0 0
[ Pa ; Pb ] 0 0 0 0
[ J ; Ja ] amJm amJm amJm amJm
[ J ; Gab ]  m(aGb)m  m(aGb)m  m(aGb)m  m(aGb)m
[ J ; Ha ] amHm amHm amHm amHm
[ J ; Pab ]  m(aPb)m  m(aPb)m  m(aPb)m  m(aPb)m
[ Ga ; Jb ]  (amGbm + abGmm) 0 0 0
[ Ga ; Gbc ] 0  a(bJc) 0 0
[ Ga ; Hb ] 0 0  (amPbm + abPmm) 0
[ Ga ; Pbc ] 0 0 0  a(bHc)
[ H ; Ja ] amHm 0 0 0
[ H ; Gab ] 0  m(aPb)m 0 0
[ H ; Ha ] 0 0 amJm 0
[ H ; Pab ] 0 0 0 m(aGb)m
[ Pa ; Jb ]  (amPbm + abPmm) 0 0 0
[ Pa ; Gbc ] 0  a(bHc) 0 0
[ Pa ; Hb ] 0 0 (amGbm + abGmm) 0
[ Pa ; Pbc ] 0 0 0 a(bJc)
[ Ja ; Jb ] abJ 0 0 0
[ Ja ; Gbc ] a(bc)mGm a(bc)mGm 0 0
[ Ja ; Hb ] abH 0 abH 0
[ Ja ; Pbc ] a(bc)mPm 0 0 a(bc)mPm
[ Gab ; Gcd ] 0 (a(cd)b)J 0 0
[ Gab ; Hc ] 0  c(ab)mPm  c(ab)mPm 0
[ Gab ; Pcd ] 0 (a(cd)b)H 0 (a(cd)b)H
[ Ha ; Hb ] 0 0 abJ 0
[ Ha ; Pbc ] 0 0 a(bc)mGm a(bc)mGm
[ Pab ; Pcd ] 0 0 0 (a(cd)b)J
Table 12. Higher spin versions of the static algebra. The upper sign is for contractions of AdS
and the lower sign for contractions of dS.
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hs3st5 hs3st8 hs3st6 hs3st7
Contraction # 3; 1; 6 4; 2; 6 1; 4; 5 3; 2; 5
[ J ; Ga ] amGm amGm amGm amGm
[ J ; H ] 0 0 0 0
[ J ; Pa ] amPm amPm amPm amPm
[ Ga ; Gb ] 0 0 0 0
[ Ga ; H ] 0 0 0 0
[ Ga ; Pb ] 0 0 0 0
[ H ; Pa ] 0 0 0 0
[ Pa ; Pb ] 0 0 0 0
[ J ; Ja ] amJm amJm amJm amJm
[ J ; Gab ]  m(aGb)m  m(aGb)m  m(aGb)m  m(aGb)m
[ J ; Ha ] amHm amHm amHm amHm
[ J ; Pab ]  m(aPb)m  m(aPb)m  m(aPb)m  m(aPb)m
[ Ga ; Jb ] 0 0 0  (amGbm + abGmm)
[ Ga ; Gbc ] 0  a(bJc) 0 0
[ Ga ; Hb ]  (amPbm + abPmm) 0 0 0
[ Ga ; Pbc ] 0 0  a(bHc) 0
[ H ; Ja ] 0 0 amHm 0
[ H ; Gab ]  m(aPb)m 0 0 0
[ H ; Ha ] 0 amJm 0 0
[ H ; Pab ] 0 0 0 m(aGb)m
[ Pa ; Jb ]  (amPbm + abPmm) 0 0 0
[ Pa ; Gbc ] 0 0  a(bHc) 0
[ Pa ; Hb ] 0 0 0 (amGbm + abGmm)
[ Pa ; Pbc ] 0 a(bJc) 0 0
[ Ja ; Jb ] 0 0 0 0
[ Ja ; Gbc ] a(bc)mGm 0 a(bc)mGm 0
[ Ja ; Hb ] abH 0 0 abH
[ Ja ; Pbc ] 0 0 a(bc)mPm a(bc)mPm
[ Gab ; Gcd ] 0 0 0 0
[ Gab ; Hc ]  c(ab)mPm  c(ab)mPm 0 0
[ Gab ; Pcd ] 0 (a(cd)b)H (a(cd)b)H 0
[ Ha ; Hb ] 0 0 0 0
[ Ha ; Pbc ] 0 a(bc)mGm 0 a(bc)mGm
[ Pab ; Pcd ] 0 0 0 0
Table 13. Higher spin versions of the static algebra which can not be directly contracted. The
upper sign is for contractions of AdS and the lower sign for contractions of dS.
{ 42 {
J
H
E
P
0
1
(
2
0
1
7
)
1
1
4
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
References
[1] H. Bacry and J. Levy-Leblond, Possible kinematics, J. Math. Phys. 9 (1968) 1605 [INSPIRE].
[2] D.T. Son, Toward an AdS/cold atoms correspondence: a geometric realization of the
Schrodinger symmetry, Phys. Rev. D 78 (2008) 046003 [arXiv:0804.3972] [INSPIRE].
[3] S. Kachru, X. Liu and M. Mulligan, Gravity duals of Lifshitz-like xed points, Phys. Rev. D
78 (2008) 106005 [arXiv:0808.1725] [INSPIRE].
[4] K. Balasubramanian and J. McGreevy, Gravity duals for non-relativistic CFTs, Phys. Rev.
Lett. 101 (2008) 061601 [arXiv:0804.4053] [INSPIRE].
[5] M.H. Christensen, J. Hartong, N.A. Obers and B. Rollier, Torsional Newton-Cartan geometry
and Lifshitz holography, Phys. Rev. D 89 (2014) 061901 [arXiv:1311.4794] [INSPIRE].
[6] M.H. Christensen, J. Hartong, N.A. Obers and B. Rollier, Boundary stress-energy tensor and
Newton-Cartan geometry in Lifshitz holography, JHEP 01 (2014) 057 [arXiv:1311.6471]
[INSPIRE].
[7] J. Hartong, E. Kiritsis and N.A. Obers, Lifshitz space-times for Schrodinger holography,
Phys. Lett. B 746 (2015) 318 [arXiv:1409.1519] [INSPIRE].
[8] J. Hartong, E. Kiritsis and N.A. Obers, Schrodinger invariance from Lifshitz isometries in
holography and eld theory, Phys. Rev. D 92 (2015) 066003 [arXiv:1409.1522] [INSPIRE].
[9] E.A. Bergshoe, J. Hartong and J. Rosseel, Torsional Newton-Cartan geometry and the
Schrodinger algebra, Class. Quant. Grav. 32 (2015) 135017 [arXiv:1409.5555] [INSPIRE].
[10] J. Hartong, E. Kiritsis and N.A. Obers, Field theory on Newton-Cartan backgrounds and
symmetries of the Lifshitz vacuum, JHEP 08 (2015) 006 [arXiv:1502.00228] [INSPIRE].
[11] P. Horava, Quantum gravity at a Lifshitz point, Phys. Rev. D 79 (2009) 084008
[arXiv:0901.3775] [INSPIRE].
[12] J. Hartong and N.A. Obers, Horava-Lifshitz gravity from dynamical Newton-Cartan
geometry, JHEP 07 (2015) 155 [arXiv:1504.07461] [INSPIRE].
[13] J. Hartong, Y. Lei and N.A. Obers, Nonrelativistic Chern-Simons theories and
three-dimensional Horava-Lifshitz gravity, Phys. Rev. D 94 (2016) 065027
[arXiv:1604.08054] [INSPIRE].
[14] D.T. Son and M. Wingate, General coordinate invariance and conformal invariance in
nonrelativistic physics: unitary Fermi gas, Annals Phys. 321 (2006) 197 [cond-mat/0509786]
[INSPIRE].
[15] C. Hoyos and D.T. Son, Hall viscosity and electromagnetic response, Phys. Rev. Lett. 108
(2012) 066805 [arXiv:1109.2651] [INSPIRE].
[16] D.T. Son, Newton-Cartan geometry and the quantum Hall eect, arXiv:1306.0638
[INSPIRE].
{ 43 {
J
H
E
P
0
1
(
2
0
1
7
)
1
1
4
[17] A.G. Abanov and A. Gromov, Electromagnetic and gravitational responses of
two-dimensional noninteracting electrons in a background magnetic eld, Phys. Rev. B 90
(2014) 014435 [arXiv:1401.3703] [INSPIRE].
[18] A. Gromov and A.G. Abanov, Thermal Hall eect and geometry with torsion, Phys. Rev.
Lett. 114 (2015) 016802 [arXiv:1407.2908] [INSPIRE].
[19] A. Gromov, K. Jensen and A.G. Abanov, Boundary eective action for quantum Hall states,
Phys. Rev. Lett. 116 (2016) 126802 [arXiv:1506.07171] [INSPIRE].
[20] M. Geracie, D.T. Son, C. Wu and S.-F. Wu, Spacetime symmetries of the quantum Hall
eect, Phys. Rev. D 91 (2015) 045030 [arXiv:1407.1252] [INSPIRE].
[21] G. Festuccia, D. Hansen, J. Hartong and N.A. Obers, Torsional Newton-Cartan geometry
from the Noether procedure, Phys. Rev. D 94 (2016) 105023 [arXiv:1607.01926] [INSPIRE].
[22] C. Duval, G.W. Gibbons and P.A. Horvathy, Conformal Carroll groups and BMS symmetry,
Class. Quant. Grav. 31 (2014) 092001 [arXiv:1402.5894] [INSPIRE].
[23] H. Bondi, M.G.J. van der Burg, and A.W.K. Metzner, Gravitational waves in general
relativity. 7. Waves from axisymmetric isolated systems, Proc. Roy. Soc. Lond. A 269 (1962)
21 [INSPIRE].
[24] R. Sachs, Asymptotic symmetries in gravitational theory, Phys. Rev. 128 (1962) 2851
[INSPIRE].
[25] G. Barnich and C. Troessaert, Aspects of the BMS/CFT correspondence, JHEP 05 (2010)
062 [arXiv:1001.1541] [INSPIRE].
[26] G. Barnich, A. Gombero and H.A. Gonzalez, The at limit of three dimensional
asymptotically anti-de Sitter spacetimes, Phys. Rev. D 86 (2012) 024020 [arXiv:1204.3288]
[INSPIRE].
[27] A. Bagchi and R. Gopakumar, Galilean conformal algebras and AdS/CFT, JHEP 07 (2009)
037 [arXiv:0902.1385] [INSPIRE].
[28] A. Bagchi, Correspondence between asymptotically at spacetimes and nonrelativistic
conformal eld theories, Phys. Rev. Lett. 105 (2010) 171601 [arXiv:1006.3354] [INSPIRE].
[29] A. Bagchi, R. Basu, D. Grumiller and M. Riegler, Entanglement entropy in Galilean
conformal eld theories and at holography, Phys. Rev. Lett. 114 (2015) 111602
[arXiv:1410.4089] [INSPIRE].
[30] J. Hartong, Gauging the Carroll algebra and ultra-relativistic gravity, JHEP 08 (2015) 069
[arXiv:1505.05011] [INSPIRE].
[31] A. Bagchi, D. Grumiller and W. Merbis, Stress tensor correlators in three-dimensional
gravity, Phys. Rev. D 93 (2016) 061502 [arXiv:1507.05620] [INSPIRE].
[32] J. Hartong, Holographic reconstruction of 3D at space-time, JHEP 10 (2016) 104
[arXiv:1511.01387] [INSPIRE].
[33] A. Bagchi, R. Basu, A. Kakkar and A. Mehra, Flat holography: aspects of the dual eld
theory, JHEP 12 (2016) 147 [arXiv:1609.06203] [INSPIRE].
[34] A. Strominger, On BMS invariance of gravitational scattering, JHEP 07 (2014) 152
[arXiv:1312.2229] [INSPIRE].
[35] S.W. Hawking, M.J. Perry and A. Strominger, Soft hair on black holes, Phys. Rev. Lett. 116
(2016) 231301 [arXiv:1601.00921] [INSPIRE].
{ 44 {
J
H
E
P
0
1
(
2
0
1
7
)
1
1
4
[36] S.W. Hawking, M.J. Perry and A. Strominger, Superrotation charge and supertranslation
hair on black holes, arXiv:1611.09175 [INSPIRE].
[37] L. Donnay, G. Giribet, H.A. Gonzalez and M. Pino, Supertranslations and superrotations at
the black hole horizon, Phys. Rev. Lett. 116 (2016) 091101 [arXiv:1511.08687] [INSPIRE].
[38] L. Donnay, G. Giribet, H.A. Gonzalez and M. Pino, Extended symmetries at the black hole
horizon, JHEP 09 (2016) 100 [arXiv:1607.05703] [INSPIRE].
[39] H. Afshar et al., Soft Heisenberg hair on black holes in three dimensions, Phys. Rev. D 93
(2016) 101503 [arXiv:1603.04824] [INSPIRE].
[40] D. Grumiller, A. Perez, S. Prohazka, D. Tempo and R. Troncoso, Higher spin black holes
with soft hair, JHEP 10 (2016) 119 [arXiv:1607.05360] [INSPIRE].
[41] H. Afshar, D. Grumiller, W. Merbis, A. Perez, D. Tempo and R. Troncoso, Soft hairy
horizons in three spacetime dimensions, arXiv:1611.09783 [INSPIRE].
[42] M.A. Vasiliev, Consistent equation for interacting gauge elds of all spins in
(3 + 1)-dimensions, Phys. Lett. B 243 (1990) 378 [INSPIRE].
[43] X. Bekaert, S. Cnockaert, C. Iazeolla and M.A. Vasiliev, Nonlinear higher spin theories in
various dimensions, in the proceedings of the 1st Solvay Workshop on Higher spin gauge
theories, May 12{14, Brussels, Belgium (2004), hep-th/0503128 [INSPIRE].
[44] M.A. Vasiliev, Holography, unfolding and higher-spin theory, J. Phys. A 46 (2013) 214013
[arXiv:1203.5554] [INSPIRE].
[45] V.E. Didenko and E.D. Skvortsov, Elements of Vasiliev theory, arXiv:1401.2975 [INSPIRE].
[46] S. Giombi and X. Yin, Higher spin gauge theory and holography: the three-point functions,
JHEP 09 (2010) 115 [arXiv:0912.3462] [INSPIRE].
[47] S. Giombi and X. Yin, Higher spins in AdS and twistorial holography, JHEP 04 (2011) 086
[arXiv:1004.3736] [INSPIRE].
[48] S. Giombi and X. Yin, The higher spin/vector model duality, J. Phys. A 46 (2013) 214003
[arXiv:1208.4036] [INSPIRE].
[49] M.R. Gaberdiel and R. Gopakumar, An AdS3 dual for minimal model CFTs, Phys. Rev. D
83 (2011) 066007 [arXiv:1011.2986] [INSPIRE].
[50] M.R. Gaberdiel, R. Gopakumar, T. Hartman and S. Raju, Partition functions of holographic
minimal models, JHEP 08 (2011) 077 [arXiv:1106.1897] [INSPIRE].
[51] C. Candu and M.R. Gaberdiel, Supersymmetric holography on AdS3, JHEP 09 (2013) 071
[arXiv:1203.1939] [INSPIRE].
[52] M.R. Gaberdiel and R. Gopakumar, Minimal model holography, J. Phys. A 46 (2013)
214002 [arXiv:1207.6697] [INSPIRE].
[53] C. Candu, M.R. Gaberdiel, M. Kelm and C. Vollenweider, Even spin minimal model
holography, JHEP 01 (2013) 185 [arXiv:1211.3113] [INSPIRE].
[54] M. Beccaria, C. Candu, M.R. Gaberdiel and M. Groher, N = 1 extension of minimal model
holography, JHEP 07 (2013) 174 [arXiv:1305.1048] [INSPIRE].
[55] J. Maldacena and A. Zhiboedov, Constraining conformal eld theories with a higher spin
symmetry, J. Phys. A 46 (2013) 214011 [arXiv:1112.1016] [INSPIRE].
{ 45 {
J
H
E
P
0
1
(
2
0
1
7
)
1
1
4
[56] M. Gary, D. Grumiller and R. Rashkov, Towards non-AdS holography in 3-dimensional
higher spin gravity, JHEP 03 (2012) 022 [arXiv:1201.0013] [INSPIRE].
[57] H. Afshar, M. Gary, D. Grumiller, R. Rashkov and M. Riegler, Non-AdS holography in
3-dimensional higher spin gravity | General recipe and example, JHEP 11 (2012) 099
[arXiv:1209.2860] [INSPIRE].
[58] M. Gutperle, E. Hijano and J. Samani, Lifshitz black holes in higher spin gravity, JHEP 04
(2014) 020 [arXiv:1310.0837] [INSPIRE].
[59] M. Gary, D. Grumiller, S. Prohazka and S.-J. Rey, Lifshitz holography with isotropic scale
invariance, JHEP 08 (2014) 001 [arXiv:1406.1468] [INSPIRE].
[60] V. Breunholder, M. Gary, D. Grumiller and S. Prohazka, Null warped AdS in higher spin
gravity, JHEP 12 (2015) 021 [arXiv:1509.08487] [INSPIRE].
[61] Y. Lei and S.F. Ross, Connection versus metric description for non-AdS solutions in
higher-spin theories, Class. Quant. Grav. 32 (2015) 185005 [arXiv:1504.07252] [INSPIRE].
[62] Y. Lei and C. Peng, Higher spin holography with Galilean symmetry in general dimensions,
Class. Quant. Grav. 33 (2016) 135008 [arXiv:1507.08293] [INSPIRE].
[63] H. Afshar, A. Bagchi, R. Fareghbal, D. Grumiller and J. Rosseel, Spin-3 gravity in
three-dimensional at space, Phys. Rev. Lett. 111 (2013) 121603 [arXiv:1307.4768]
[INSPIRE].
[64] H.A. Gonzalez, J. Matulich, M. Pino and R. Troncoso, Asymptotically at spacetimes in
three-dimensional higher spin gravity, JHEP 09 (2013) 016 [arXiv:1307.5651] [INSPIRE].
[65] D. Grumiller, M. Riegler and J. Rosseel, Unitarity in three-dimensional at space higher spin
theories, JHEP 07 (2014) 015 [arXiv:1403.5297] [INSPIRE].
[66] M. Gary, D. Grumiller, M. Riegler and J. Rosseel, Flat space (higher spin) gravity with
chemical potentials, JHEP 01 (2015) 152 [arXiv:1411.3728] [INSPIRE].
[67] J. Matulich, A. Perez, D. Tempo and R. Troncoso, Higher spin extension of cosmological
spacetimes in 3D: asymptotically at behaviour with chemical potentials and
thermodynamics, JHEP 05 (2015) 025 [arXiv:1412.1464] [INSPIRE].
[68] C. Sleight and M. Taronna, Higher spin interactions from conformal eld theory: the
complete cubic couplings, Phys. Rev. Lett. 116 (2016) 181602 [arXiv:1603.00022] [INSPIRE].
[69] C. Sleight and M. Taronna, Higher-spin algebras, holography and at space,
arXiv:1609.00991 [INSPIRE].
[70] D. Ponomarev and E.D. Skvortsov, Light-front higher-spin theories in at space,
arXiv:1609.04655 [INSPIRE].
[71] C. Aragone and S. Deser, Hypersymmetry in D = 3 of coupled gravity massless spin 5=2
system, Class. Quant. Grav. 1 (1984) L9 [INSPIRE].
[72] G. Papageorgiou and B.J. Schroers, A Chern-Simons approach to Galilean quantum gravity
in 2+1 dimensions, JHEP 11 (2009) 009 [arXiv:0907.2880] [INSPIRE].
[73] G. Papageorgiou and B.J. Schroers, Galilean quantum gravity with cosmological constant and
the extended q-Heisenberg algebra, JHEP 11 (2010) 020 [arXiv:1008.0279] [INSPIRE].
[74] E.A. Bergshoe and J. Rosseel, Three-dimensional extended bargmann supergravity, Phys.
Rev. Lett. 116 (2016) 251601 [arXiv:1604.08042] [INSPIRE].
{ 46 {
J
H
E
P
0
1
(
2
0
1
7
)
1
1
4
[75] E. Bergshoe, J. Gomis, B. Rollier, J. Rosseel and T. Veldhuis, Carroll versus Galilei
Gravity, to appear.
[76] J.D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic
symmetries: an example from three-dimensional gravity, Commun.Math.Phys. 104 (1986)
207 [INSPIRE].
[77] A. Ashtekar, J. Bicak and B.G. Schmidt, Asymptotic structure of symmetry reduced general
relativity, Phys. Rev. D 55 (1997) 669 [gr-qc/9608042] [INSPIRE].
[78] G. Barnich and G. Compere, Classical central extension for asymptotic symmetries at null
innity in three spacetime dimensions, Class. Quant. Grav. 24 (2007) F15 [gr-qc/0610130]
[INSPIRE].
[79] M. Henneaux and S.-J. Rey, Nonlinear W1 as asymptotic symmetry of three-dimensional
higher spin Anti-de Sitter gravity, JHEP 12 (2010) 007 [arXiv:1008.4579] [INSPIRE].
[80] A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, Asymptotic symmetries of
three-dimensional gravity coupled to higher-spin elds, JHEP 11 (2010) 007
[arXiv:1008.4744] [INSPIRE].
[81] E. Inonu and E.P. Wigner, On the contraction of groups and their represenations, Proc. Nat.
Acad. Sci. 39 (1953) 510 [INSPIRE].
[82] A. Medina and P. Revoy, Algebres de lie et produit scalaire invariant, Ann. Sci. Ecole Norm.
Super. 18 (1985) 553.
[83] J.M. Figueroa-O'Farrill and S. Stanciu, On the structure of symmetric selfdual Lie algebras,
J. Math. Phys. 37 (1996) 4121 [hep-th/9506152] [INSPIRE].
[84] S. Elitzur, G.W. Moore, A. Schwimmer and N. Seiberg, Remarks on the canonical
quantization of the Chern-Simons-Witten theory, Nucl. Phys. B 326 (1989) 108 [INSPIRE].
[85] D. Grumiller and M. Riegler, Most general AdS3 boundary conditions, JHEP 10 (2016) 023
[arXiv:1608.01308] [INSPIRE].
[86] M. Riegler, How general is holography?, Ph.D. thesis, Technische Universitat Wien, Vienna,
Austria (2016), arXiv:1609.02733 [INSPIRE].
[87] M. Ba~nados, Three-dimensional quantum geometry and black holes, hep-th/9901148
[INSPIRE].
[88] T. Regge and C. Teitelboim, Role of surface integrals in the hamiltonian formulation of
general relativity, Annals Phys. 88 (1974) 286 [INSPIRE].
[89] A. Campoleoni, S. Fredenhagen and S. Pfenninger, Asymptotic W-symmetries in
three-dimensional higher-spin gauge theories, JHEP 09 (2011) 113 [arXiv:1107.0290]
[INSPIRE].
[90] T. Grin, P. Horava and C.M. Melby-Thompson, Conformal Lifshitz gravity from
holography, JHEP 05 (2012) 010 [arXiv:1112.5660] [INSPIRE].
[91] T. Grin, P. Horava and C.M. Melby-Thompson, Lifshitz gravity for Lifshitz holography,
Phys. Rev. Lett. 110 (2013) 081602 [arXiv:1211.4872] [INSPIRE].
[92] E. Kiritsis, Lorentz violation, gravity, dissipation and holography, JHEP 01 (2013) 030
[arXiv:1207.2325] [INSPIRE].
{ 47 {
J
H
E
P
0
1
(
2
0
1
7
)
1
1
4
[93] S. Janiszewski and A. Karch, String theory embeddings of nonrelativistic eld theories and
their holographic Horava gravity duals, Phys. Rev. Lett. 110 (2013) 081601
[arXiv:1211.0010] [INSPIRE].
[94] S. Janiszewski and A. Karch, Non-relativistic holography from Horava gravity, JHEP 02
(2013) 123 [arXiv:1211.0005] [INSPIRE].
[95] C. Wu and S.-F. Wu, Horava-Lifshitz gravity and eective theory of the fractional quantum
Hall eect, JHEP 01 (2015) 120 [arXiv:1409.1178] [INSPIRE].
[96] S. Golkar, D.X. Nguyen, M.M. Roberts and D.T. Son, Higher-spin theory of the
magnetorotons, Phys. Rev. Lett. 117 (2016) 216403 [arXiv:1602.08499] [INSPIRE].
{ 48 {
